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Abstract

Three-valuedmodels, in which propertiesof a system
are either true, falseor unknown,haverecentlybeenad-
vocatedasa betterrepresentationfor reactiveprogramab-
stractionsgeneratedbyautomatictechniquessuch aspredi-
cateabstraction.Indeed,for thesamecost,modelchecking
three-valuedabstractionscanbeusedtobothproveanddis-
proveanytemporal-logicproperty, whereastraditionalcon-
servativeabstractionscanonly proveuniversal properties.
Also,veri�cation resultscanbemore precisewith general-
ized modelchecking, which checks whetherthere existsa
concretizationof anabstractionsatisfyinga temporal-logic
formula. Sincegeneralizedmodelchecking includessatis-
�ability asa specialcase(wheneverythingin themodelis
unknown),it is in general more expensivethan traditional
modelchecking. In thispaper, westudyhowto reducegen-
eralizedmodelchecking to modelchecking by a temporal-
logic formula transformation,which generalizesa trans-
formationfor propositionallogic knownas semanticmin-
imization in the literature. We showthat manytemporal-
logic formulasof practical interestareself-minimizing, i.e.,
aretheirownsemanticminimizations,andhencethatmodel
checking for theseformulashasthesameprecisionasgen-
eralizedmodelchecking.

1 Intr oduction

Abstractionis key to extendthe scopeof formal veri�-
cation to systemswith in�nite or very large statespaces,
as illustratedby recentwork on softwaremodelchecking
usingpredicateabstractionin toolssuchasSLAM [1] and
BLAST [14], amongothers. The relationbetweena con-
cretesystemandits abstractionis traditionallyasimulation,
whichallows theveri�cation of universalpropertiesonly.

Recently, a new versionof the “abstract-check-re�ne”
processof [1, 14] hasbeenadvocated[12]:

1. Abstract: computea 3-valuedabstraction
���

for
whichpropertiesof theconcretesystem

���

areeither
���	��


, ��
����
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2. Check: givenanytemporal-logicformula � ,
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) thenstop,
thepropertyis proved(resp.disproved)for
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;
if theresultis � (unknown),go to Step2(b).

(b) (generalized model checking) checkwhether
thereexist concretizations
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suchthat
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) doesnotexist, � is proved(resp.
disproved)for
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; otherwisego to Step3.
3. Re�ne: re�ne

�
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(possiblyusinga counter-example
foundin Step2). Thengo to Step1.

This new procedurestrictly generalizesthe traditional
one in several ways: any temporal-logicformula can be
checked(not just universalproperties),andall correctness
proofsandcounter-examplesobtainedareguaranteedto be
sound(i.e., hold on

�
�

) for any property. Remarkably,
Steps1, 2(a)and3 canbedonewith 3-valuedmodelsat the
samecost as with traditional conservative 2-valuedmod-
els [4, 11, 12]. In contrast,generalizedmodel checking
(Step2(b))canbemoreexpensivethanmodelchecking[4],
sinceit includessatis�ability as a specialcase(when ev-
erythingin themodelis unknown), but it canalsobemore
precise.For instance,considertheprogram�

program P() �

x,y = 1,0;
x,y = 2*f(x),f(y);
x,y = 1,0;

�

where x and y denoteint variables, f : int ->
int denotessome unknown function, and the notation
“x,y = 1,0 ” meansvariablesx andy aresimultaneously
assignedvalues1 and 0, respectively. Considerthe LTL
formula � �"!$#&%('�)+*,#.-0/��1#.%�2 with the two predicates



#.-�� “is x odd?” and #&%�� “is y odd?”, andwhere ! means
“eventually” while ) means“always.” (See[8] for a de�-
nition of thetemporallogicsusedin this paper.) As shown
in [12], modelchecking� against� returnsthevalue“un-
known,” while generalizedmodelcheckingcanprove that
noconcretizationof program� (i.e., f ) satis�es � .

In this paper, we study for which temporal-logicfor-
mulasgeneralizedmodelcheckingcan improve precision
over model checking. More generally, we study how to
reducegeneralizedmodelcheckingfor a model

�

anda
formula � to model checking

� �

� ��� via a temporal-
logic formula transformation��� � ��� and independently
of any model

�

. This reductiongeneralizesa transforma-
tion for propositionallogic [2] calledsemanticminimiza-
tion in [28]. We show that propositionalmodal logic and
themodalmu-calculus[22] ( 	�
 ) areclosedundersemantic
minimizations,but that thelogicsCTL, LTL andCTL* are
not. We studythecomplexity of computingsemanticmini-
mizations,andshow thattheproblemis ashardasthesatis-
�ability problem.We thenprovidesuf�cient syntacticcon-
ditionsfor theef�cient identi�cation of many semantically
self-minimizingtemporal-logicformulas,i.e.,formulasthat
aretheir own semanticminimizations.We observethat,for
self-minimizingformulas,modelcheckinghasalways the
sameprecisionas generalizedmodel checking,and show
thatmany temporal-logicformulasof practicalinterestare
self-minimizing.

Related Work Blamey studiespartial-valuedlogics and
their applicationsto linguisticsandmodeltheoryin [2]. In
particular, he shows in TheoremI.3.3 of [2] that all for-
mulasof propositionallogic have (in the terminologyof
[28] adoptedin this paper)a semanticminimization. The
proof restson the information-theoreticmonotonicity of
vanFraassen's super-valuationalmeaning[31], which cor-
respondsto thethoroughsemanticsin thispaper.

Repset al. [28] useBDD-basedprime-implicantalgo-
rithmsfor anef�cient implementationof computingseman-
tic minimizationsfor formulasof propositionallogic.

Temporallogicsfor whichsatis�ability is ef�ciently de-
cidablehavebeenwidely studiedin theliterature.We men-
tion work by Demri& Schnoebelen[6], Emersonet al. [9],
andHenzingeret al. [15]. In contrast,generalizedmodel
checkingfor branching-timelogicscanbereducedto asat-
is�ability problemof the form SAT *���� '�� 2 [4], where

�
� is the characteristicformula of a model
�

, and our
work canbeviewedin thiscontext asseekingto reducesat-
is�ability checksSAT *��

�
' � 2 to modelchecks

� �

� ���

independentlyof
�

and �
� .

Outline of paper In Section2 we review the notionsof
partial models, their re�nement, and their compositional
and thorough temporal-logicsemantics. We de�ne and
prove basicpropertiesof semanticminimization for tem-
poral logics in Section3. Theexistenceof semanticmini-

mizationfor temporallogicswithout andwith �x edpoints
is the subjectof Sections4 and 5, respectively. In Sec-
tion 6 we detectself-minimizingformulasusingautomata-
theoretictechniques,providegrammarsthatef�ciently con-
structsuchformulas,andshow thatthesegrammarsare“op-
timal” andcoverawiderangeof speci�cationpatterns.Ap-
plicationsof self-minimizationarebrie�y featuredin Sec-
tion 7 andSection8 concludes.

2 Partial Kripk e Structuresand Re�nement

Let �
��� ����� bea �nite setof atomicpropositions.We
endow aset �
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� of truthvalueswith two partial
orders: the informationordering ��� , where � is the least
elementand
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. We identify themodelsof interest.

De�nition 1 1. A partial Kripke structure [3]
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+2 consistsof a �nite nonemptysetof states ,
a total transitionrelation
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 (') , anda labelling
function
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� ; 
 *21

�

#�2 is the
truth valueof # at state1 . Wereferto

�

asa “model”
if thisis convenient.Apointedmodel *

�

�

1 2 is a model
�

with a distinguishedstartstate1 . Thetreestructure
of *

�

�

1 2 is calleda 3-valuedlabelledtree.

2. For models
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2 with 5 �76

�98

thecom-
pletenesspreorder[3] is the greatestrelation :
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(a) B #�C)�
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;
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The partiality in modelsresidesin labels 
 *21

�

#�2 � �

andthe completenesspreorderstatesthat suchlabelsmay
be completedinto
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or ��
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in a co-inductive manner.
(See[13, 3] for otherwaysto modelpartiality.) This par-
tiality leadsto two waysof checkingpropertieswritten in
propositionalmodallogic (PML), whosesyntaxis

�)�J��� #

�

���

�

�0' �

��KML

� (1)

where# rangesover �N� . Wewrite �
;

/+�
> for � *���� '+���

>
2 ,

��;O� �
> for *�����; / �
> 2 , ��;OP �
> for *���;O� �
>&2�' *��
>��

��;.2 , and Q

L

� for �

KML

��� subsequently.
A compositionalsemanticsexploits algebraicstructure
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2 ;
anda minimum UZY

R in the truth ordering. We de�ne the
truthvalue [ *

�

�

1 2

�

� �+\ of thiscompositionalsemanticsat
state1 in model
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asin [3]:
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�

1

�

2
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� �+\��

Similar 3-valuedsemanticscanbede�ned for moreex-
pressive logics,e.g.,LTL, CTL, CTL* and 	�
 [4].

A second,non-compositionalsemanticsis basedon the
completenesspreorder. Sincea Kripke structureis a par-
tial Kripke structurewhoselabeling function 
 satis�es


��

;

* ������2 � ��� , we de�ne � [

�

�

1W\ as the set of pairs
*��

���

2 where � is a Kripke structurewith distinguished
state

�

and *

�

�

1 2 : *��

���

2 . Elementsof � [

�

�

1 \ arecalled
the completionsof *

�

�

1 2 [4]. The generalized model-
checking (GMC) problemaskswhetherthereexistsa com-
pletion of a given partial Kripke structurethat satis�es a
given temporal-logicproperty. It is worth noticing that
GMC generalizesbothmodelchecking(whenthemodelis
complete)andsatis�ability (whenthe modelis *

���

�

1

�

2 ,
with a sole state 1

�

, sole transition *21

�

�

1

�

2 C

"

, and

 *!1

�

�

#�2 � � for all # C �
� satisfying *

���

�

1

�

2 : *��

���

2

for all *��

���

2 ). TheGMC problemis in turn usedto de�ne
thenon-compositionalthoroughinterpretation[4]. Subse-
quently we write TL for any temporallogic (PML, LTL,
CTL, etc.) with a semanticsover 2-valuedKripke struc-
tures.

De�nition 2 Let *

�

�

1 2 bea pointedmodeland �DC��� .

1. Thedecisionproblemof generalizedmodelchecking
[4] !#"%$ *

�
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1

�
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” if there is a com-
pletionof *

�

�

1 2 satisfying� , and“ ��
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” otherwise.

2. The thorough interpretation[4] [ *
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Kleene's alignmentoperator[21] *���� ��
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if both
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if both argumentsare
��+-,/.

, and returns � otherwise. For any formula � of a
branching-timetemporallogic (we write BTL for any such
logic subsequently),thisoperatorconnectsthethoroughin-
terpretationto theGMC problemas

[ *
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for all pointedmodels *
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1 2 . (The formalizationfor LTL
is omitteddueto lack of spaceandis slightly differentas

[ *
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1 2

�

� �+\0& is capturedby oneinstanceof !#"%$ [12].)
A similar decompositionfor the compositionalseman-

tics for U

C �43
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��3 is [4]
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� if f H *!1
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1?� 2 C

"

, *

�

�

1A� 2
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where
�

�B7 (
�

�C9 ) is a pessimistic(optimistic) interpretation
as it maps all � -labelings in

�

to ��
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(respectively,
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) [4]. In [18], the superscriptD is written E with the
intent that *

�

�

1 2

�

�#F � means� is assertedto hold in
all completionsof *

�

�

1 2 , while the superscriptG is writ-
ten H and *

�

�

1 2

�

�#I � statesthat � may be consistent
in somecompletionof *

�

�

1 2 . For all
�

, 1 , and � , we
have [ *

�
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1 2

�

� �+\ � * *

�

�

1 2

�

� 7 � 2�* * *

�

�

1 2

�

� 9 � 2

by [4, 19]. The semantics[ *

�

�

1 2

�

� �+\ is soundwith re-
spectto [ *

�

�

1 2

�

� �+\ & [4]:

B1*

�

�

1 2

�

�O�<[ *

�

�

1 2

�

� �+\ �O�@[ *

�

�

1 2

�

� �+\ & � (3)

So if [ *

�

�

1 2

�

� �+\ discovers that all (value
���	��


), re-
spectively no (value � 
����




), completionsof *

�

�

1 2 satisfy
� , this is indeedso. However, theconversedoesnot hold,
asillustratedby thefollowing example.

Example1 Let � be
KML

#?; ' *

KML

#W> / �

KML

#W> 2 , which is
neithera tautologynor unsatis�able. Let

�

haveonestate
1 , onetransition *21

�

1 2OC

"

, 
 *21

�

#
>

2 � � , and 
 *21

�

#
;

2 �

���	��


. Then [ *

�

�

1 2

�

� �+\ � � but [ *

�

�

1 2

�

� �+\0&1�

���	��


.

Thus,thecompositionalsemantics[ *

�

�

1 2

�

� �+\ canbe
less precisethan the thoroughsemantics[ *

�

�

1 2

�

� �+\�& .
But computing [ *

�

�

1 2

�

� � \
& is generally more expen-

sive. Indeed, computing [ *

�

�

1 2

�

� �+\ can be reduced
to two standardmodel checkingproblemswhile comput-
ing [ *

�

�

1 2

�

� �+\
& may require solving two GMC prob-

lems [4, 12]. For PL, PML and CTL, model check-
ing can be solved in linear time, while GMC is NP-
complete,PSPACE-completeandEXPTIME-complete(re-
spectively) [4], which matchthecomplexity of thesatis�a-
bility problemsfor theserespective logics. For LTL, GMC
is EXPTIME-complete[4], while modelcheckingandsat-
is�ability are“only” PSPACE-complete.

3 SemanticMinimization

Weaskfor whichtemporal-logicformulas� theanalysis
[ *

�

�

1 2

�

� �+\ is aspreciseas [ *

�

�

1 2

�

� � \�& , for all pointed
models *

�

�

1 2 . If this is not thecase,we askwhetherthis
lossof precisioncanberestoredthrougha changeof � into
a new formula ��� , uniformlyfor all *

�

�

1 2 , without chang-
ing thecompositionalsemantics.Sucha new formula ��� is
calleda semanticminimizationof � in [28], in thecontext
of PL. We generalizethisconceptto temporallogics.

De�nition 3 Let � bea formulaof BTL.

3



1. An optimisticsemanticminimization �19 of � is a for-
mulaof BTL such that, for all pointedmodels*

�

�

1 2 ,

*

�

�

1 2

�

�

9

�

9 iff !#"%$ *

�

�

1

�

� 2 � (4)

2. A pessimisticsemanticminimization �

7 of � is a for-
mulaof BTLwith, for all pointedmodels*

�

�

1 2 ,
*

�

�

1 2

�

�

7

�

7 iff R


TS

*0!#"%$ *

�

�

1

�

��� 2 2/� (5)

3. A semanticminimizationof � is a pair *�� 7

�

�/9.2 of for-
mulasof BTL such that � 7 and �/9 are pessimisticand
optimisticsemanticminimizationsof � , respectively.

4. Formula � is optimistically (pessimistically) self-
minimizingiff � is anoptimistic(pessimistic)semantic
minimizationof itself (respectively).We saythat � is
semanticallyself-minimizingif it is bothoptimistically
andpessimisticallyself-minimizing.

5. We write �

�

> to statethat � and > share no #$C �
� ,
andwrite ��� ( ��� ) if thenegationnormal form of � is
knownto beanexistential(resp.,universal)one.

Below weuse�

�

> for proving theself-minimizationof
somepatterns.E.g. if �

�

> C.�
� and � �� > , then �

�

>

and � � ��� � ��� . By (3) we mayestablishthat � is opti-
mistically (pessimistically)self-minimizingby proving the
only-if-partof (4) (theif-part of (5), respectively) only. If �

hasa semanticminimization *�� 7

�

�/9 2 , all thoroughchecks
of � canbereducedto two compositionalcheckssuchthat
this reductionis independentof thepointedmodel:

B

�

�

1<��[ *

�

�

1 2

�

� � \
&

� * *

�

�

1 2

�

�

7

�

7

2�*+* *

�

�

1 2

�

�

9

�

9

2/�

In particular, [ *

�

�

1 2

�

� �+\0& �&[ *

�

�

1 2

�

� �+\ whenever � is
semanticallyself-minimizing.

To illustrate the nature of the problem of �nding
pessimistic and optimistic semantic minimizations for
temporal-logicformulas, we now presentsomeformulas
andtheir semanticminimizations.We write *���� 2�7 � ���/9

for “the negationof anoptimisticsemanticminimizationof
� is a pessimisticsemanticminimizationof ��� ” etc.

Proposition1 Let �

�

>

�����
	

C BTL. Then

1. *���� 207 � ���/9 and *���� 2�9 � ��� 7 ,

2. *��0'(> 207(� � 7 ')> 7 and *�� /)>+2�9 � �/9�/(> 9 ,

3. *

KML

� 2�9 �

KML

�/9 and *

KML

� 2�7 �

KML

� 7 , and

4. * Q

L

� 2�9 � Q

L

�/9 and * Q

L

� 2�7(� Q

L

� 7 .

5. If �
�

�

>
� and

�

�

�

	

� , then *

�

�
/

	

�
207 �

�

7

�

/

	

7

�

and
*���� '(>�� 2�9 � �/9

�

')> 9

�

.

Example2 Semanticallyself-minimizingare all # C �
�

and literals (by Proposition1(1)). By item 2, all # /��1#

are optimisticallyself-minimizingbut do not meetthe as-
sumptionsof item5 andare indeednotpessimisticallyself-
minimizing. So # ' �1# is pessimisticallybut not opti-
mistically self-minimizingby item 1. By items4 and 5,

Q

L

#
;

�

KML

�1#
> is semanticallyself-minimizing.

The absenceof the dual of item 2 above for formulas
with sharedatomicpropositionsmakesthenotionof seman-
tic minimizationnon-trivial in general.Semanticminimiza-
tionsareinvariantunder2-valuedequivalence.

Proposition2 Let � and � � besemanticallyequivalentover
2-valuedmodels.If > is an optimistic(pessimistic)seman-
tic minimizationfor � , then > is also an optimistic (pes-
simistic)semanticminimizationfor ��� (respectively).

The formulasof propositionallogic (PL) are obtained
from the grammarfor PML by dropping the clausefor

KML

� in (1). Models are 3-valued functions 
*� �N� �

� ��
�� �


M�

�

�.���	��


� . We write ��
�� for thesetof all suchmod-
elsand

8


�� for thesetof thosemodelsthatdonothave � in
their image(wherewe occasionallyidentify 
.C

8


�� with
its characteristicset 
B�

;

*

���	��


2 ). For PL, thecompleteness
preorderof De�nition 1(2)betweenmodels
 and 
 � is the
point-wiseone: 
O:-
 � if f for all #�C=�
� , 
 *�#�2E�

�

 ��*,#�2 .

Blamey [2] shows that the compositionalsemantics
in (2) appliedto modelsfor PL is functionally complete
for all functions ��� � ��
�� �


M�

�

�.���	��


���4� � ��
����


M�

�

�.���	��


�

( ��� 6 ) thataremonotonewith respectto the information
ordering � � . As � � [ 


�

� � \
& is monotonein that way,

onecansecurethe following, implicit in TheoremI.3.3 of
[2] andmoreexplicit in [28], in our terminology.

Proposition3 ([2, 28]) Everyformula � of PL hasanopti-
misticsemanticminimization� 9 in PL and,by Prop. 1(1),
a pessimisticsemanticminimization� 7 in PL aswell.

4 SemanticMinimization for PML

We now generalizeProposition3 from PL to PML. This
proof relieson theboundedmodaldepthof PML formulas
anddeterminesthemodelcomplexity of GMC for PML.

To prove the existenceof semanticminimizations,we
useautomata-theoretictechniques.We referto [24] for no-
tionsof automatatheorythatwill beused.

Theorem1 Every formula of PML has a semanticmini-
mizationin PML.

Proof: (Sketch)Given a formula � C�� "  , we describe
how to constructanoptimisticsemanticminimization �19�C

� "  . (Thecasefor pessimisticsemanticminimizationsis
similar as �

7
� � *���� 2

9 by Proposition1(1).) The ideaof
theconstructionis simple:de�ne a treeautomaton��� � that
acceptsa3-valuedlabeledtree ��� iff thereexistsa2-valued
tree � suchthat ���0:�� and � satis�es � ; andthentranslate
thisautomatonbackinto a PML formula � 9 .

To construct���
� , we �rst build a nondeterministictree

automaton�

�

� *

8


 �

�"!)�

 

�

1$#

�"%N�'&

2 thatacceptsexactly
the computationtreessatisfying � [24, 26]. �

� has
8


 �

4



for input alphabet,a set  of states(which may contain
�

*

8��

���

�

� 	

2 states),an initial state 1 # C  , a �nite set
!��

� of arities, a transitionfunction
%

*!1

�

E

��'

2

%

 ��

for each 1 C  , E C

8


�� and
'

C

!

, andan acceptance
condition

&

. Given �

� , we de�ne the desirednondeter-
ministic treeautomaton��� � � * � 
��

�'!)�

 

�

1 #

��%

�

�"&

2 that
acceptsexactly the 3-valuedcomputationtreesof partial
Kripke structuresfor which thereexistsa 2-valuedKripke
structurecompletionsatisfying � . For any E�� C ��
�� the
transitionfunction

%

� of � � � is de�ned as

%

�

*!1

�

E

�

� '

2 �

	

F�
�� F

%

*21

�

E

� '

2/� (6)

By constructionandde�nition of thecompletenesspreorder
: , it is immediatethat ��� � acceptsa 3-valuedtree ��� if f
thereexists a 2-valuedtree � suchthat � � :�� and � is
acceptedby �

� . As � C � "  , �

� cannotdistinguish
treesat depthsgreaterthan

�

�

�

. By construction,this prop-
erty carriesover to ���

� , andallows for re-encoding���
� asa

� 9�C � "  of modaldepth
�

*

�

�

�

2 .

We illustrate the constructionof ���
� and �/9 . Below,

“
%

*!1
#

�

E

��'

2 �

���	��


” means“
%

*!1
#

�

E

� '

2+� �$*!1

�

�

� � �

�

1

�

2 �

with 1

�

C

&

and
%

*21

�

�

E

��'

2 � �$*21

�

�

� � �

�

1

�

2 � ” ( 1

�

is
anacceptingsinkstate),while “

%

*!1
#

�

E

� '

2 ����
����




” means
“

%

*!1
#

�

E

��'

2 � �$*!1

�

�

� � �

�

1

�

2 � , 1

�

�C

&

, and
%

*!1

�

�

E

� '

2 �

�$*!1

�

�

� � �

�

1

�

2 � ” ( 1

�

is a non-acceptingsinkstate).

Example3 (Tautology in PL) Let � � # / �1# and �N� �

� #M� . For �

� ,
%

*!1
#

�

� #M�

� '

2��

���	��


and
%

*!1
#

�

���

� '

2��

���	��


.
Thus,by de�nition, ��� � is such that

%

� *!1
#

�

� # �� ���

� '

2 �

���	��


. Thus,�
9 is semanticallyequivalentto

���	��


.

Example4 (Non self-minimizing PML formula)
Considerthe PML formula � �

KML

#F; ' Q

L

*��1#A; /�#W> 2 ,
whose sub-formulas are neither tautologies nor un-
satis�able. Now �

� is such that, for any E C

8


�� ,
%

*21 #

�

E

� '

2 � �$*21
;

�

� � �

�

1

�

2

�

1

3

�.1
� and 1�
 � 1

� �
B��)� � 59�

(intuitively, 1?� takes care of the
KML

case, while 1?� � cor-
respondsto the default Q

L

case);
%

*!1F�

�

E

� '

2 �

���	��


if
E *�#

;
2 � E *,#

>
2 �

���	��


, and
%

*21A�

�

E

� '

2 � ��
����




otherwise;
while

%

*21A� �

�

E

��'

2 �

���	��


if E *�#
;

2+� ��
����




or E *,#
>

2 �

���	��


,
and

%

*21A� �

�

E

��'

2 � ��
����




otherwise. Therefore, ���
� is such

that
%

� *21 #

�

E �

� '

2�� �$*21
;

�

� � �

�

1

�

2

�

1

3

� 1A� and 1�
 �

1G� ��B�� ���59� ;
%

� *!1A�

�

E �

��'

2 �

���	��


if E � *,#
;

2�� � ��
�� �




and
E

�

*,#
>

2 �� ��
�� �




, but
%

�

*!1

�

�

E

�

� '

2 � ��
�� �




otherwise;
%

� *!1A� �

�

E��

� '

2 �

���	��


if E �$*,#A;.2,� �

���	��


or E � *�#W> 2,� � ��
����




,
and

%

� *!1A� �

�

E �

��'

2 � ��
����




otherwise. We thus obtain
� 9 �

KML

*�#A; ' #G>&2 ' Q

L

*��1#A; /�#G> 2 . (Indeed, � is not
self-minimizing: for instance, for

�

with sole state 1

and sole transition *21

�

1 2 such that 
 *21

�

#0; 2 � � and

 *!1

�

#
>

2 � ��
����




, we have [ *

�

�

1 2

�

� � \ � � while
[ *

�

�

1 2

�

� �+\0&1����
����




; note *

�

�

1 2��

�

�C9+�/9 asexpected.)

For PL, our tableaux-basedprocedurefor computing�19

is simpler thanthat of [2] and[28], althoughit may gen-
eratelargerformulas.In theworstcase,thesizeof �19 and

� � � canbe exponentiallylarger thanthe sizeof � . This is
unavoidableascomputing� 9 for � is at leastashardasthe
GMC problemfor � , which itself is ashardassatis�abil-
ity for � [4]: computing� 9 is NP-hardin

�

�

�

for PL andis
PSPACE-hardin

�

�

�

for PML.
Theorem1 also reveals the model complexity of the

GMC problemfor PML.

Corollary 1 Thegeneralizedmodelchecking problemfor
PML is in ALOGTIMEin thesizeof themodel.

Proof: Theorem1 provides a reduction from the GMC
problemfor a PML formula � to themodelcheckingprob-
lemfor aPML formula � 9 , independentlyof any model

�

.
Thus,sincemodelcheckingfor PML is in ALOGTIME in
thesizeof

�

(e.g.,[5]), sois GMC.

5 SemanticMinimization for Fixed Points

Unlike for PML, wenow show thatCTL, LTL andCTL*
arenotclosedundersemanticminimizations.

As noted in [10] through a correspondencebetween
GMC and module checking [23], !#" $ *

�

�

1

�

� 2 is
PTIME-hardin thesizeof themodel

�

whenever � ranges
overCTL formulas.A moredirectproofcanbeobtainedby
reducingthemonotonecircuit valueproblem,known to be
PTIME-complete,for acircuit � to theGMC problemfor a
partialKripkestructure

���

de�ned from � andfor a CTL
formulaof theform QO[ *

KML

#
;

2�� *�#
;

� #
>

2T\ . This reduction
in turn impliesthefollowing.

Theorem2 Theexistenceof an optimisticsemanticmini-
mizationin CTLor CTL* for QO[ *

KML

#
;

2��+*,#
;

�"#
>

2T\<C $ �� 

impliesNLOGSPACE= PTIME.

In otherwords,not all CTL andCTL* formulas(since
CTL* includesCTL) havesemanticminimizationsin CTL*,
unlessNLOGSPACE = PTIME. Thesameresultholdsfor
LTL sinceGMC for LTL canalsobeshown to bePTIME-
hard in the size of the model using a reductionfrom the
monotonecircuit valueproblem[10].

In the caseof 	�
 , we canprove a resultsimilar to the
PML case.To obtain 	�
 we extendthe grammarof PML
with clauses� for recursionvariablesand 	������ for (least
�x ed-point)recursion.For a3-valuedsemantics,valuations

�

mapvariables� to pairs *

�

7

*�� 2

�

�

9

*�� 2 2 of subsetsof
states.For closed� , the3-valuedsemantics[

�

�

�+\�� of [4]
computesapair *,�

�

� 2 of subsetsof  suchthat � � �F1-C

 

�

*

�

�

1 2

�

�87 �<� and � �.�?1@C  

�

*

�

�

1 2��

�

�#9 �<� .

Theorem3 Everyformulaof 	�
 hasa semanticminimiza-
tion in 	�
 .

5



Proof: (Sketch)Theproof is similar to thatof Theorem1.
For �)C 	�
 , build anondeterministicparity treeautomaton

�

� that acceptsexactly the in�nite treessatisfying � [24,
26]. Then,usinga constructionsimilar to (6), oneobtains
a nondeterministicparity treeautomaton� � � thatacceptsa
3-valuedtree ��� if f thereexistsa 2-valuedtree � suchthat

� �F:�� and � is acceptedby �

� . This automaton��� � can
thenbere-encodedasa 	�
 formula � 9 [27].

A corollary of the previous theorem(and of Proposi-
tion2) is thatall CTL, LTL andCTL* formulashaveseman-
tic minimizationsin 	�
 (since 	�
 semanticallyincludes
CTL, LTL andCTL*). Sincecomputinga semanticmini-
mization is at leastas hardas GMC, which hasitself the
samecomplexity (EXPTIME-complete)assatis�ability in
thecaseof 	�
 [4], computing� 9 is EXPTIME-hardin

�

�

�

for � in 	�
 .
Thanksto Theorem3, we cannow prove the following

result,whichstrengthensTheorem2.

Theorem4 The optimistic semanticminimizationof the
CTLformula � � QO[ *

KML

#
;

2�� *,#
;

� #
>

2 \ is the 	�
 formula
� 9 � 	��

;
� *�#

;
�"#

>
2 /)[ 	��

>
� Q

L

�
;

'

KML

*�#
;

' *�#
>

/ �
>

2 2T\ ,
which is notexpressiblein CTL*.

Proof: (Sketch) Using the constructionof the proof
of Theorem 3, we obtain an automaton ��� � such that

%

� *!1
#

�

E��

� '

2 �

���	��


if E � *�#A; 2�� �

���	��


or E � *,#G> 2@� � �/E

�

1

.

,
and

%

� *!1
#

�

E��

� '

2 � �$*21?;

�

� � �

�

1

�

2

�

1

3

� 1A� and 1



�

1
#

B�� �� 5#� otherwise;
%

� *21G�

�

E �

� '

2 �

���	��


if E � *�#A;&24� �

� 
����




and E � *�#
>

2�� ����
����




,
%

� *!1A�

�

E �

� '

2 ����
����




if E � *,#
;

2 �

� 
����




, and
%

� *21A�

�

E��

� '

2 � � *!1
;

�

� � �

�

1

�

2

�

1

3

�.1A� and 1�
 �

1 #�B�� �� 5#� otherwise. �
�

� canthenbe re-encodedas �
9 ,

whichcanbeshown not to beexpressiblein CTL*.

Goingbeyond 	�
 , wenotethatasemanticminimization
for all formulasof �r st-order logic overa binaryrelation

"

andunaryrelations# cannotexist dueto adecidabilitygap:
*

�

�

1 2

�

�#9 �/9 is decidablewhereas!#"%$ *

�

�

1

�

� 2 is not.

6 SemanticSelf-Minimization

6.1 Checkingfor Self­Minimization

We now presenta procedurefor checkingwhetherany
� C 	�
 is optimisticallyself-minimizing. The procedure
consistsof comparingtheautomaton��� � de�ned in thepre-
vioussectionwith anautomaton���

�

���"�

thatacceptsexactly
all the3-valuedtrees��� for which ���

�

�#9 � holds.Sucha
� �

�

�
�

�

with transitionfunction
%

9 canbede�nedasanalter-
natingparity treeautomaton�CF����

�
with transitionfunction

%

(with
�

*

�

�

�

2 states)thatacceptsexactly thecomputation
treessatisfying� [24], exceptthat

%

9 satis�es
6

%

9�*,#

�

E �

� '

2 � *�E � *,#�2�� ��� 
����




2 for all #ZC)�
� , and

6

%

9�*��1#

�

E �

� '

2 � *�E��$*,#�2�� �

���	��


2 for all #�C=�N� .

For any other state 1 not correspondingto # or �1# ,
%

9 *!1

�

E �

� '

2 maybe de�ned as
%

*!1

�

E

��'

2 in �;F���� � [24] with
any E suchthat E �0:CE sincetransitionsfor all suchE in �CF���� �

areof thesameform.
By constructionand (3), 
 * � � � 2

%


 * � �

�

�

�

�

2 , where

 * � 2 denotesthelanguage(setof 3-valuedtrees)accepted
by automaton� . Checkingwhether� is optimisticallyself-
minimizingthenreducesto checkingwhether


 * �

�

�

� � � 2

%


 * �

�

�

2 � (7)

This semantictestis exactbut expensive sincethesizes
of the automatainvolvedcanbe exponentialin

�

�

�

aspre-
viouslydiscussed.In thenext subsections,we studypartial
but muchcheapertestsbasedonsyntacticcharacterizations
of self-minimizingformulas.Note thatany syntacticchar-
acterizationis boundto be incompletesincea linear syn-
tactic checkon a formula cannotbe aspreciseas the ex-
ponentialsemanticcheckin (7) of that formula. Suchtests
canbeusedfor optimizingtheabstract-check-re�neprocess
describedin Section1 by eliminatingStep2(b) for formu-
lasthataredetectedto beself-minimizing,sinceStep2(a)is
guaranteedto havethesameprecisionasStep2(b)for those
formulas.

6.2 Self­Minimization and Monotonicity

Westartwith asimplesyntacticcriterionthatis suf�cient
to identify self-minimizingformulas,andis muchcheaper
to checkthantheexactprocedureof Section6.1. This cri-
terionis closelyrelatedto reductionresultsof satis�ability
to modelchecksfor monotone/positivefragmentsof logics.

Proposition4 Let � bea closedformulaof 	�
 such thatno
#)C �
� occurs in thenegationnormal form of � in mixed
polarity. Then � is semanticallyself-minimizing.

SincePL, PML, CTL, LTL, andCTL* embedinto 	�


by preservingthe polarity of atomicpropositions,this re-
sult also appliesto thesetemporallogics. The syntactic
condition in Proposition4 is suf�cient but not necessary,
asshown by thenext example.

Example5 Theformula *��1#
;

/ #
>

2 ' *��1#
>

/ #
;

2 , the“if f”
connective#

;
P #

> , is semanticallyself-minimizingbut
containsatomswith mixedpolarity. Its 2-valuedsemantics
is not formally monotone, soanyformulaof 	�
 equivalent
to it requiressomeatomof mixedpolarity in its negation
normalform.

6



6.3 Temporal Patternsof Self­Minimization

We now offer grammarsandpatternsthatcertify formu-
las to be semanticallyself-minimizingandarebeyond the
scopeof Proposition4. A grammarshouldbe“optimal” in
thatconstraintsof clausescannotbe relaxedwithout mak-
ing themunsound.We build upsuchgrammarsanddiscuss
how they adjustto thecaseof semanticminimization.

In Figure1 we write ��� and ��� for syntacticcategories
that generateonly formulas that are pessimistically(re-
spectively, optimistically)self-minimizing. Theclause�

(for “Monotone”)is syntacticallycheckableandsoundas
it standsfor any formula of 	�
 meetingthe assumptions
of Proposition4. Theclausesin Figure1 for propositional
connectives,

KML

and Q

L

aresounddueto Proposition1.
As for theclause� in Figure1, for eachpointedmodel

*

�

�

1 2 thereis a formula �

�

� �

��	

C 	�
 with

B1*��

���

2 � *��

���

2

�

�

7

�

�

�
�

��	 if f *

�

�

1 2 : *��

���

2 (8)

by [17] and[13]. In [17] it is shown, for modaltransition
systems,that *

�

�

1 2 : *��

���

2 if f � [ �

���

\

%

� [

�

�

1W\ for all
pointedmodels(the if-part beingnon-trivial); andthat this
is equivalentto, in our terminology, all �

�

�
�

��	 beingpes-
simisticallyself-minimizing.By [13], theseresultsalsoap-
ply to our modelsso � , rangingover all such �

�

�
�

��	 , is
a soundgroundclausefor ��� . As for the soundnessof �

for ��� , !#"%$ *��

��� �

�

�

�
�

��	

2 holds iff � [ �

���

\�� � [

�

�

1W\ ��

��� . But if *��

���

2

�

�#9 �

�

�
�

��	 holds, the parity gameof
thatmodelcheckdeterminesa commonre�nementwitness
showing � [ �

���

\	�(� [

�

�

1 \ �� ��� by Theorem3 of [16].
Next we convey the main ideasand techniquesof our

soundnessproofsfor temporaloperatorsotherthan
KML

and
Q

L

for mode
5

, theideasandproofsfor mode3 beingdual.
Theseproofsexploit threefacts:we mayassume*

�

�

1 2 to
beanin�nite, 3-valued,labelledtree; *��

� '

2 to bealabelled
tree if *��

��'

2 C � [

�

�

 \ satis�essome � C.	�
 ; andthe
equations(9) and(10) below to hold for thejudgments

�

� 9

and
�

�87 , not just for 2-valuedsatisfaction. We useCTL*
connectivesassyntacticsugarin 	�
 .

For unary temporaloperators� we needto show that
� � �/9 implies �1*�� 2�9 � �1*�� 2 . For � being Q ! or

K

! , we
do this by completingthe in�nite, 3-valued,labelledtree

*

�

�

1 2 in any wayupto awitnessstatefor � , whosesubtree
is replacedwith a completionsatisfying � (which existsas

� � �

9 ). For Q ! this techniqueappliesto all paths,for
K

!

to somepathandall otherpathsarecompletedarbitrarily.
The clausefor

K

)

�

� requiresa differentapproach.We
take a witnesspathfor *

�

�

1 2

�

�C9

K

)

�

� andinfer thatall
states1

3

on thatpath 
 have completionssatisfying
�

� , as
�

�
�

�

9

�

. We thenidentify thosestates1

3

with the initial
statesof thesecompletionsand “glue” thesecompletions
as new pathsinto

�

. The syntacticform of
�

� ensures
that the gluedcompletionsarestill witnessesfor

�

� in the

��� �J��� �

�

�

�

�����

�

��� '
���

�

���

���

/����

���

KML

���

�

Q

L

���

� K

)����

�

Q�)����

Q !����

�

�

QO[ ���

���

�����

���

\

�	� �J��� �

�

�

�

�����

�

�	� /����

�

�	� ��� '���� ���

KML

���

�

Q

L

���

�@K

!��	�

�

Q !	���

K

)����'�

�@K

[ ���'�����	� \

�

� 


� *����12

Figure 1. ��� ( ��� ) generates pessimisticall y (op­
timisticall y) self­minimizing formulas (resp.);

� rang es over monotone formulas of 	�
 , �

over formulas in (8);
�

and B ( H ) are as in Def­
inition 3(5);

�

 rang es over �nite subsets of
��� ; and

� 


� *�� 2 is as in De�nition 4.

resultingmodel.Moreover, thelargermodelis acompletion
of *

�

�

1 2 sincewekeepthe“backbone”of
�

andaddonly
completionpaths. This constructionwill not succeedfor
formulasof the form Q )

�

� or Q�)

�

� asall pathsof glued
completionswouldstill beobligedto satisfy )

�

, not just
�

.
The clausefor

K

[

�

���1> \ blendsthe techniquesusedfor !

and ) above: the ) -techniquefor the invariant
�

� up until
> is true,wherewecompleteaccordingto ! .

Theorem5 1. Let �

�

>

�"�

�
C 	�
 be optimisticallyself-

minimizing. Then
K

!$� , Q ! � ,
K

)

�

� , and
K

[

�

�
�1> \ are

optimisticallyself-minimizing.

2. Let �

�

>

���

� C 	�
 be pessimisticallyself-minimizing.
Then

K

)1� , Q )1� , and Q !

�

� are pessimisticallyself-
minimizing. If in addition,

�

�

�

> and > � >
� , then

QO[ >
�

�

�

�
\ is pessimisticallyself-minimizingaswell.

Even for PL, genuinecompletenessof grammarsfor
��� and ��� cannotbe hopedfor. If #

;
P #

> from Ex-
ample 5 is presentedin conjunctive (disjunctive) normal
form, it is generatedby ��� ( ��� 2 andnot by ��� (respectively,

��� ). Also, the relaxationof any constraintsin non-ground
clausesmakesthegrammarsin Figure1 unsound.Onecan-
not remove

�

from the clausefor / in ��� since D /�� D

wouldotherwisebederivablebut is notpessimisticallyself-
minimizing. A dualcommentappliesto the ' clauseof �	� .
Fromtheproof constructionsit is alsoevidentthatwe can-
not omit the annotationsB and H in the clausesof ��� and

��� that mentionthem. From Theorems2 and 4, we can-
notexpectan �	� clausefor Q � (notethatbothargumentsof

QO[ *

KML

#
;

2��+*,#
;

�"#
>

2T\ arein ��� ).

Remark 1 Theabsenceof an ��� clausefor Q � , andan
K

�

clausefor ��� , hasto dowith thesemanticequivalences
�

K

[ ���1> \ � QO[�)1� > / � > �1��� ' � > \ (9)

� QO[ ���1> \ �

K

)1� > /

K

[ � > �1���0' � > \ (10)

which alsohold for
�

�C9 and
�

�87 . We sketch proof attempts
for self-minimizationandreasonsfor their failures.

7



6 For
K

� and ��� , let all *��

��'

2 C � [

�

�

1 \ satisfy
K

[ ��� > \ . “Pr oof” bycontradiction: *

�

�

1 2��

�

� 7

K

[ ���1> \

means*

�

�

1 2

�

�C90�

K

[ ���1> \ so *

�

�

1 2

�

�#9ZQO[ )1� >�/

� > �1��� '�� > \ . But QO[

A

/���\�� * Q

A

/ ��� 2 is not
valid.

6 For Q�� and �	� , let *

�

�

1 2

�

�C9 QO[ ���1> \ . Then
*

�

�

1 2

�

�#9 ��� QO[ ��� > \ so *

�

�

1 2 �

�

�B7

K

)1� > /

K

[ � > � ��� '�� > \ . Even if �

�

> , we only get some
*�� ;

� '

; 2 C � [

�

�

1W\ satisfying �

K

)�� > and some
*�� >

� '

> 2IC2� [

�

�

1W\ satisfying�

K

[ � > � ��� ' � > \ . But
a proofwouldneedthesamecompletionin bothcases.

The asymmetryin �	� and ��� may only be apparent:
� 


� * ��� 2 hasa logical dual, mediatedthroughthe clauses
for negation,which could be madeexplicit; andthe

�

in
the Q � clausefor ��� , forceduponusby aninductive proof
using(10),maynot benecessary. Althoughonecannotre-
lax constraintsfor inductive clausesof Figure1 any more,
onecande�ne new inductive clausesthatconstrainthe in-
teraction contexts of suchclauses,ad in�nitum. We limit
ourselvesto specifyingonesuchexample,a generalization
of aconstructimplicit in clause� .

De�nition 4 [20] Let � bea �nite setof formulasin 	�
 .
Then

� 


� *�� 2 is de�nedas *��

�

���

KML

�

2 ' * Q

L
	

� 2 .

The 2-valuedmeaningof
� 


� *�� 2 is “all formulasin �

aretrueatsomesuccessorstateandall successorstatessat-
isfy someformulain � .” Thispatterncorrespondstocheck-
ing whethera gamewith “continuation” � cannotbe lost
with thenext exchangeof moves.Combining

� 


� *�� 2 with
greatest�x ed pointsexpressesall instancesof � by [17]
and[13]. We provesoundnessof clause

� 


� * ��� 2 for �	� .

Theorem6 Let � be a �nite set of optimistically self-
minimizingformulasin 	�
 . Then

� 


� *�� 2 �

� 


� *�� 2

9 .

A clause
� 


� *�� 2 for a �nite set � of pessimisticallyself-
minimizing formulasis unsoundin general,given the dis-
junction under Q

L

in
� 


� *�� 2 . The soundnessof this dis-
junctionfor ��� for the formulas �

�

�
�

� 	 that logically char-
acterizere�nementhasbeenshown in [17].

Mode D is usedfor proving properties.Fortunately, the
pessimisticself-minimizationof many popularspeci�cation
patternscanbecerti�ed by our ��� and ��� . We illustratethis
with resultsfor “weakuntil,” stimulus-responsechains,and
the“globally truebefore

+

” pattern.Thetemporaloperator
“weakuntil,” QO[ ��
 > \ , is oftenrequiredin modelchecking
insteadof the ordinary“until” QO[ � � > \ . The semanticsof
“weak until” is QO[ *���� >+21/ )1�+\ . So > canbefalseforever
as long as � is true forever, e.g.as in “The elevator door
remainsopenuntil a servicebuttonis beingpressed.”

Corollary 2 1. Let �
� and >

� be pessimisticallyself-
minimizing and � �

�

> � . Then QO[ ����
 > ��\ is pes-
simisticallyself-minimizing.

2. Let D��

�

#$�

�

1 �

���

� C 	�
 with D��

�

#$� , D �

�

1 � , D��

�

�

� ,
#$�

�

1 � , #$�

�

�

� , and 1 �

�

�

� . E.g. � D��

�

# �

�

1 �

���

� �

%

�
� and
�

� D �

�

# �

�

1 �

���

� �

�

��� . Thenthe Globally-1-
Stimulus-2-ResponseChain pattern“ 1 �

���

� respond
to D � after # � ” is pessimisticallyself-minimizing.

3. Let � � be optimisticallyand > � pessimisticallyself-
minimizing. Then“globally, > � becomestrue before

� � ” is pessimisticallyself-minimizing.

Some more complex patternsmay require an exten-
sion of ��� and ��� with constrainedinteractionsof existing
clauses.Indeed,the proof for “globally, > � becomestrue
before � � ” usesduality anda semanticequivalence,anab-
sorptionlaw notexpressedin ��� and ��� .

Finally, ��� and ��� are soundif interpretedfor seman-
tic minimization,the proofsrequiremoreor lesscosmetic
changesonly over thosefor self-minimization. One then
hasto interprettheclausesof Figure1asfollows: theclause

K

!��	� statesthat
K

! �/9 � *

K

! � 2�9 for all �DC 	�
 , etc.

6.4 Distributive Formulas and Self­Minimization

Janin & Walukiewicz [20] show that all modal mu-
calculusformulashave normalforms(“distributive formu-
las” [20]) with linear-time satis�ability checks. We cus-
tomizetheir de�nitions to our settingandprove thatmany
distributive formulasareoptimisticallyself-minimizing.

De�nition 5 Distributive formulasare thoseformulas of
	�
 (extendedwith theconstant� ) generatedby

!

�J� ���

�

#

�

�

�

!

/

!

�

!

;1' ����� '

!

�

���

�8�

!

where # C4�
� ;
�

C(�G	

���

� and,for
�

���

!

, � occurs posi-
tivelyandnot in anycontext � '

	

or
	

' � in
!

; � �.6 and
each

!

3

in
!

;
'?� � �

!

�

is eithera literal ( # or �1# ) or of the
form

� 


� *��02 for a �nite set � of distributiveformulas,and
at mostoneof the

!

3

is of theform
� 


� *�� 2 .

Example6 Let � be #�'

KML

�1# . Since
KML

is expressiblevia
� 


� * � 2 [20], � is a distributiveformula.For �
� � � #M� and
�

� * �?1��

�

�$*21

�

1 2 �

�


 *21

�

#�2 � � 2 wehave *

�

�

1 2

�

�C90� .
But there is also some *��

��'

2 of *

�

�

1 2 satisfying � , with
states

'

and
'

� , transitions *

'���'

� 2 and *

'

�

� '

� 2 , and label-
ings 
�� *

'��

#�2 �

���	��


and 
��0*

'

�

�

#�20� � 
����




. Belowwe
provethatsuch formulasareoptimisticallyself-minimizing.

By [20] and[13], every formula of 	�
 is semantically
equivalentto somedistributive formula

!

. Without lossof
generality, we may assumethat all

!

�

!

; ' ����� '

!

�

aresatis�able(otherwisereplace
!

with � ) andthat their
monomialsof literalsmentionliteralsatmostonce.

Werecallthesyntacticunfoldingsof �x ed-points,where
� [ ���

�

\ denotesthe formula resultingfrom substitutingall
freeoccurrencesof � in � by

�

:
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	 # � �8� � � � 	

�

�

; �8� � � � [ ���F	

�

�����+\ * � �

�

2

�

# � �8��� �

��� �

�

�

; �8��� � � [ ���

�

�

�8� �+\ * � �

�

2/�

Theorem7 All closeddistributiveformulaswithoutgreat-
est�xed pointsareoptimisticallyself-minimizing.

For greatest�x ed points, let *

�

�

1 2

�

� 9

�

�8�

!

. Then
*

�

�

1 2

�

�#9

�

�

���

!

for all � � 6 . Inductionwould imply
!#"%$ *

�

�

1

���

�

�8�

!

2 for all � ��6 . But the latter is only
sometimessuf�cient for concluding !#"%$ *

�

�

1

� �

���

!

2 .
For example,we canexpress

K

)

�

� as
�

�8�

�

� '

KML

* � 2 and
ourproof for clause

K

)���� � canbeinterpretedasconstruct-
ing a witnessto !#"%$ *

�

�

1

� �

���

�

� '

KML

*�� 2 2 from “incre-
mental”witnessesof all !#"%$ *

�

�

1

� �

�

�8�

�

� '

KML

* � 2 2 .
Theorem 7 can derive only the soundnessof some

clausesfor ��� and ��� . For example,
K

! � can be written
as 	������ /

KML

* � 2 andexpressedasa distributive formula
meetingthe assumptionsof Theorem7 as

KML

and Q

L

are
derivedfrom

� 


� *�� 2 [20]. But
K

[ � � > \ has�x ed-pointchar-
acterization	��8� > / *�� '

KML

* � 2 2 which would generally
needa non-trivial conversioninto a distributive format.

The proofs of Theorem7 also reveal that one could
extend the grammarfor �	� with certain least �x ed-point
clausesthat have assideconditionthat all their �nite un-
foldingsaregeneratedby �	� aswell.

7 Applications of Self-Minimization

We brie�y look at speci�cationpatternsusedin practice
anddiscusswhetherthey aresemanticallyself-minimizing.

Someinstancesof � arefound in the classi�cationof
frequently-usedtemporal-logicpatternsof [7]: (Absence)

Q�)+*�#D� Q )+*�� D 2 2 , (Universality) Q�) *�#=� Q ) D 2 , (Exis-
tence)

K

! D , (Response)Q )+* D � Q ! 1 2 , (ResponseChain)
Q�)+* D � Q ! *21 ' Q

L

* Q !

�

2 2 2 , etc.,whereD

�

#

�

1

���

CD�
� .
The model checker LTSA [25] useslabeledtransition

systemsandLTL overa �nite setof actions���

�

containing
. + +

G

+

. Twocorepatternsareasafetyproperty)1�

.-+-+

G

+

and
a livenessproperty ) !

	

���

�

. Theembeddingsof )1�

.-+ +

G

+

and ) !

	

���

�

into 	�
 arein � .
Self-minimizing temporal-logicformulasalso occur in

programanddata-�ow analysis.We mentiontwo data-�ow
analyzescapturedasmodelcheckingproblems[29]:

5 1A
 5��

.

- �

K

!��

F

�

F
	

�

:�9���


�
�

,

1

.

-
�

���

5 1

! .

E�� - � Q�)��

F

�

F�	

���

���




�

*��

.

��� '

���

G��$-���� 2/�

Formula 5 1A
 5��

.

- says“variable � is live at the current
programpoint,” where

,

1

.

-
C �
� ( �

G��
-

C �
� ) denotes
that variable � is used(respectively, modi�ed) at a pro-
grampoint. Formula 5 1

! .

E�� - says“ � is deadataprogram
point,” where

.

��� is trueat theendpointof aprogramonly.

Thepatterns5 1A
 5��

.

- and 5 1

! .

E��$- canbeexpressedin 	�


directlyandshown to beinstancesof � .
Symbolictrajectoryformulas[30], usedin hardwarever-

i�cation, canbede�ned by thegrammar� �J� � #

�

�1#

�

� '��

�

�

� �

�

Q

L

� where # C �
� and
�

ranges
over booleanformulasfrom �
� . If all

�

� � � of � are
suchthat

�

�

�
� , then � is pessimisticallyself-minimizing,
including for the modelsusedin [30] which aresymbolic
tracepresentationsof certainpartialKripkestructures.

8 Conclusions

Westudiedin thispaperfor whichtemporal-logicformu-
las modelcheckinghasthe sameprecisionasgeneralized
modelchecking,independentlyof any model. We identi-
�ed thoseformulasassemanticallyself-minimizing,char-
acterizedthemusingautomataon 3-valuedtrees,andpro-
videdsyntacticconditionsfor ef�ciently recognizingmany
of these,includingmany instancesof frequently-usedspec-
i�cation patterns.We alsostudiedhow to reducethegener-
alizedmodelcheckingproblem(including satis�ability as
a specialcase)for a formula � to regularmodelchecking
of a formula ��� obtainedsolelyfrom � , thusindependently
of the model. We proved the existenceof such ��� for ev-
ery � in propositionalmodallogic (renderingthecomplex-
ity of generalizedmodelcheckingin thesizeof themodel
for this logic) and in the modalmu-calculus,extendinga
previously-knownsimilar resultfor propositionallogic. We
also showed that, in contrast,the logics LTL, CTL, and
CTL* arenotclosedundersemanticminimizations.
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