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Abstract

Three-waluedmodels in which propertiesof a system
are either true, false or unknown,haverecentlybeenad-
vocatedasa betterrepresentatiorfor reactiveprogramab-
stractionsgeneatedby automaticdechniquessud aspredi-
cateabstiaction. Indeedfor thesamecost,modelcheding
three-value@bstractionscanbeusedo bothproveanddis-
proveanytempoal-logic property wherastraditionalcon-
servativeabstractionscan only prove universal properties.
Also,veri cation resultscan be more precisewith general-
ized modelchecking which chedks whetherthere existsa
conceetizationof an abstractionsatisfyinga tempoal-logic
formula. Sincegenealizedmodelcheding includessatis-

ability asa specialcase(wheneverythingin the modelis

unknown),it is in geneal more expensivethan traditional
modelcheding. In this paper we studyhowto reducegen-
eralizedmodelcheding to modelcheding by a tempoal-
logic formula transformation,which genealizesa trans-
formationfor propositionallogic knownas semanticmin-
imizationin the literature. We showthat manytempoal-
logic formulasof practicalinterestare self-minimizingi.e.,
aretheir ownsemantieninimizationsandhencehatmodel
cheding for theseformulashasthe sameprecisionasgen-
eralizedmodelcheding.

1 Intr oduction

Abstractionis key to extendthe scopeof formal veri -
cationto systemswith in nite or very large statespaces,
asillustratedby recentwork on software modelchecking
usingpredicateabstractiorin tools suchasSLAM [1] and
BLAST [14], amongothers. The relationbetweena con-
cretesystemandits abstractions traditionallya simulation,
whichallows theveri cation of universalpropertieonly.

Recently a new versionof the “abstract-check-re ne”
procesof [1, 14] hasbeenadwcated12]:
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1. Abstract: computea 3-valuedabstraction for
which propertieof theconcretesystem  areeither
, or (denoting‘unknown”).

2. Check: givenanytemporal-logidormula

(a) (3-valued model checking) checkwhether
satis es ; if theresultis ( ) thenstop,
the propertyis proved (resp.disproved)for ;
if theresultis  (unknown), goto Step2(b).

(b) (generalized model checking) checkwhether
thereexist concretizations  and of
suchthat satises and satises ;if

(resp. ) doesnotexist, isproved(resp.
disproved)for ; otherwisego to Step3.
3. Rene: rene (possiblyusinga counterexample
foundin Step2). Thengoto Stepl.

This new procedurestrictly generalizeghe traditional
onein several ways: ary temporal-logicformula can be
checled (not just universalproperties) andall correctness
proofsandcounterexamplesobtainedareguaranteedo be
sound(i.e., hold on ) for ary property Remarkably
Stepsl, 2(a)and3 canbedonewith 3-valuedmodelsatthe
samecost as with traditional conserative 2-valued mod-
els[4, 11, 12]. In contrast,generalizednodel checking
(Step2(b)) canbemoreexpensvethanmodelchecking4],
sinceit includessatis ability asa specialcase(when ev-
erythingin the modelis unknawn), but it canalsobe more
precise For instanceconsideithe program

program P()

xy = 1,0
Xy = 2%(x),f(y);
xy = 1,0

wherex andy denoteint variables,f : int ->
int denotessome unknavn function, and the notation
“x,y = 1,0 " meanyariablesx andy aresimultaneously
assignedvaluesl andO, respectiely. Considerthe LTL
formula with the two predicates



“is x odd?"and “is y odd?", andwhere means
“eventually” while means‘always’ (See[8] for ade -
nition of the temporallogicsusedin this paper) As shavn
in [12], modelchecking against returnsthevalue“un-
known,” while generalizednodelcheckingcan prove that
no concretizatiorof program (i.e.,f ) satis es .

In this paper we study for which temporal-logicfor-
mulasgeneralizednodel checkingcan improve precision
over model checking. More generally we study how to
reducegeneralizednodel checkingfor a model anda
formula to model checking via a temporal-
logic formula transformation and independently
of ary model . Thisreductiongeneralizes transforma-
tion for propositionallogic [2] called semanticminimiza-
tion in [28]. We shaw that propositionalmodallogic and
themodalmu-calculu§22] () areclosedundersemantic
minimizations but thatthelogics CTL, LTL andCTL* are
not. We studythe compleity of computingsemantianini-
mizations andshaw thattheproblemis ashardasthe satis-

ability problem.We thenprovide sufcient syntacticcon-
ditionsfor the ef cient identi cation of many semantically
self-minimizingtemporal-logidormulas,i.e.,formulasthat
aretheir own semantianinimizations.We obsere that, for
self-minimizingformulas,model checkinghasalwaysthe
sameprecisionas generalizednodel checking,and shav
thatmary temporal-logicformulasof practicalinterestare
self-minimizing.
Related Work  Blamey studiespartial-valuedlogics and
their applicationgo linguisticsandmodeltheoryin [2]. In
particular he shavs in Theoreml.3.3 of [2] that all for-
mulas of propositionallogic have (in the terminology of
[28] adoptedin this paper)a semanticminimization. The
proof restson the information-theoretiononotonicity of
van Fraasses supervaluationalmeaning[31], which cor-
respondso thethoroughsemanticsn this paper

Repset al. [28] useBDD-basedprime-implicantalgo-
rithmsfor anef cient implementatiorof computingseman-
tic minimizationsfor formulasof propositionalogic.

Temporallogicsfor which satis ability is ef ciently de-
cidablehave beenwidely studiedin theliterature.We men-
tion work by Demri& Schnoebelef6], Emersoretal. [9],
and Henzingeret al. [15]. In contrast,generalizednodel
checkingfor branching-timdogics canbereducedo a sat-
is ability problemof the form SAT [4], where

is the characteristidormula of a model , and our
work canbeviewedin this contect asseekingo reducesat-
is ability checksSAT to modelchecks
independentlpf  and

Outline of paper In Section2 we review the notionsof
partial models, their re nement, and their compositional
and thoroughtemporal-logicsemantics. We de ne and
prove basicpropertiesof semanticminimizationfor tem-
porallogicsin Section3. The existenceof semantiamini-

mizationfor temporallogics without andwith x ed points
is the subjectof Sections4 and 5, respectiely. In Sec-
tion 6 we detectself-minimizingformulasusingautomata-
theoretidechniquesprovidegrammarghatef ciently con-

structsuchformulasandshav thatthesegrammarsre“op-

timal” andcoverawiderangeof speci cationpatterns Ap-

plicationsof self-minimizationarebrie y featuredin Sec-
tion 7 andSection8 concludes.

2 Partial Kripk e Structuresand Re nement

Let bea nite setof atomicpropositions.We
endav aset of truthvalueswith two partial
orders:the informationordering , where is theleast
elementand and aremaximalelements:

; andthe truth ordering with a strict chain
. We identify the modelsof interest.

Denition 1 1. A partial Kripke structure[3]
consistsof a nite nonemptysetof states
a total transitionrelation , anda labelling

function ; isthe
truth valueof atstate . Wereferto  asa“model”
if thisis corvenient.A pointedmodel isamodel

with a distinguishedtartstate . Thetreestructue

of is calleda 3-valuedlabelledtree
2. For models with thecom-
pletenesgreorder[3] is the greatestrelation
sud that implies
(@) .
(b) ,and
(©)

The partiality in modelsresidesin labels
andthe completenespreorderstatesthat suchlabelsmay
be completednto or in a co-inductve manner
(See[13, 3] for otherwaysto modelpartiality.) This par
tiality leadsto two waysof checkingpropertieswritten in
propositionaimodallogic (PML), whosesyntaxis

)

where rangesver . Wewrite for ,
for , for
,and for subsequently
A compositionalsemanticsexploits algebraicstructure
on . Kleenes negation[21]
, , and ; amaximum
in the truth ordering (where ;
anda minimum in the truth ordering. We de ne the
truthvalue of thiscompositionabemanticat
state inmodel asin [3]:



)

Similar 3-valuedsemanticxanbe de ned for more ex-
pressielogics,e.qg.,LTL, CTL,CTL* and  [4].

A secondnon-compositionatemanticss basedon the
completenespreorder Sincea Kripke structureis a par
tial Kripke structurewhoselabeling function  satis es

, We de ne as the set of pairs

where is a Kripke structurewith distinguished
state and . Elementsof arecalled
the completionsof [4]. The generlized model-

cheking (GMC) problemaskswhetherthereexistsa com-
pletion of a given partial Kripke structurethat satis es a
given temporal-logicproperty It is worth noticing that
GMC generalize®oth modelchecking(whenthe modelis

complete)andsatis ability (whenthe modelis ,

with a sole state , sole transition , and

for all satisfying

for all ). The GMC problemis in turn usedto de ne

the non-compositionathoroughinterpretation[4]. Subse-
guently we write TL for any temporallogic (PML, LTL,

CTL, etc.) with a semanticsover 2-valuedKripke struc-
tures.

De nition 2 Let bea pointedmodeland

1. Thedecisionproblemof generalizednodelchecking
[4] returns*® " if there is a com-

pletionof satisfying , and* " otherwise

2. The thorough interpretation[4] has
value“ " if all satisfy ; “ "
if no satises ; and otherwise

Kleenes alignmentoperato21]
returns if both
argumentsare , returns if both agumentsare
, andreturns  otherwise. For ary formula of a
branding-timetemporallogic (we write BTL for ary such
logic subsequently}his operatorconnectghethoroughin-
terpretatiorto the GMC problemas

for all pointedmodels . (Theformalizationfor LTL
is omitteddueto lack of spaceandis slightly differentas
is capturedoy oneinstanceof [12].)
A similar decompositiorfor the compositionalseman-
ticsfor , ,and is[4]

iff

iff
iff
iff and
iff ,

where () is a pessimistiqoptimistic)interpretation
asit mapsall -labelingsin to (respectiely,
) [4]. In [18], the superscript is written with the
intent that means is assertedto hold in
all completionsof , While the superscript is writ-
ten and statesthat may be consistent
in somecompletionof . Foral , ,and , we
have
by [4, 19]. The semantics
spectto [4]:

is soundwith re-

3)

Soif discoversthat all (value ), re-

spectvely no (value ), completionsof satisfy

, thisis indeedso. However, the corversedoesnot hold,
asillustratedby thefollowing example.

Examplel Let be , which is
neithera tautology nor unsatis able Let  haveonestate
, onetransition , ,and
. Then but
Thus,the compositionakemantics canbe

less precisethan the thorough semantics .
But computing is generally more expen-
sive. Indeed, computing can be reduced
to two standardmodel checkingproblemswhile comput-
ing may require solving two GMC prob-
lems [4, 12]. For PL, PML and CTL, model check-
ing can be solved in linear time, while GMC is NP-
complete PSRACE-completeandEXPTIME-completgre-
spectvely) [4], which matchthe compleity of the satis a-
bility problemsfor theserespectre logics. For LTL, GMC
is EXPTIME-completd4], while modelcheckingandsat-
is ability are“only” PSRACE-complete.

3 SemanticMinimization

We askfor whichtemporal-logidormulas theanalysis
is aspreciseas , for all pointed
models . If thisis not the case we askwhetherthis
lossof precisioncanberestoredhrougha changeof into
anew formula , uniformlyfor all , Without chang-
ing the compositionakemanticsSucha new formula  is
calleda semantianinimizationof in [28], in the context
of PL. We generalizehis concepto temporalogics.

De nition 3 Let beaformulaof BTL.



1. Anoptimisticsemantianinimization of is afor-
mulaof BTL sud that, for all pointedmodels ,

iff @)

2. A pessimisticsemantiaminimization  of is a for-
mulaof BTL with, for all pointedmodels ,

iff (5)

3. Asemantianinimizationof is a pair of for-

mulasof BTLsudthat and arepessimistiand
optimisticsemantianinimizationof , respectively

4. Formula is optimistically (pessimistically) self-
minimizingiff isanoptimistic(pessimistickemantic
minimizationof itself (respectively) We saythat is
semanticallyself-minimizingif it is bothoptimistically
andpessimisticallyself-minimizing

5. Wewrite to statethat and shaeno ,
andwrite () if thenggationnormalformof is
knownto be an existential(resp.,univeisal) one

Below we use for proving the self-minimizationof
somepatterns.E.qg. if and , then
and . By (3) we mayestablishithat is opti-
mistically (pessimistically)self-minimizingby proving the
only-if-partof (4) (theif-part of (5), respectiely) only. If
hasa semantianinimization , all thoroughchecks
of canbereducedo two compositionatheckssuchthat
thisreductionis independentf the pointedmodel:

In particular whene&er is
semanticallyself-minimizing.

To illustrate the nature of the problem of nding
pessimistic and optimistic semantic minimizations for
temporal-logicformulas, we now presentsomeformulas
andtheir semantianinimizations.\We write

for “the negationof anoptimisticsemantianinimizationof

is apessimisticemantianinimizationof " etc.
Proposition1 Let BTL. Then

1. and ,

2. and ,

3. and , and

4, and

5. 1If and , then and

Example2 Semanticallyself-minimizingare all

and literals (by Proposition1(1)). By item 2, all

are optimistically self-minimizingbut do not meetthe as-

sumption®f item5 andare indeednot pessimisticallyself-

minimizing So is pessimisticallybut not opti-

mistically self-minimizingby item 1. By items4 and 5,
is semanticallyself-minimizing

The absenceof the dual of item 2 above for formulas
with sharedatomicpropositionsnakesthenotionof seman-
tic minimizationnon-trivial in general.Semantieninimiza-
tionsareinvariantunder2-valuedequivalence.

Proposition2 Let and besemanticallyequivalenover
2-valuedmodels.If is an optimistic(pessimisticseman-
tic minimizationfor , then is also an optimistic (pes-
simistic)semantianinimizationfor ~ (respectively).

The formulasof propositionallogic (PL) are obtained
from the grammarfor PML by dropping the clausefor

in (1). Models are 3-valued functions
. We write for the setof all suchmod-
elsand for thesetof thosemodelsthatdonothave in

theirimage(wherewe occasionallyidentify with
its characteristicet ). For PL, thecompleteness
preorderof De nition 1(2) betweermodels and isthe
point-wiseone: iff for all , .
Blamey [2] shavs that the compositionalsemantics
in (2) appliedto modelsfor PL is functionally complete
for all functions
( ) thatare monotonewith respecto the information
ordering . As is monotonein thatway,
onecansecurethe following, implicit in Theoreml.3.3 of
[2] andmoreexplicit in [28], in ourterminology

Proposition3 (]2, 28]) Everyformula of PL hasanopti-
mistic semantianinimization  in PL and, by Prop. 1(1),
a pessimisticemantianinimization in PL aswell.

4 SemanticMinimization for PML

We now generalizeéProposition3 from PL to PML. This
proofrelieson the boundednodaldepthof PML formulas
anddetermineshe modelcompleity of GMC for PML.

To prove the existenceof semanticminimizations,we
useautomata-theoretiechniquesWe referto [24] for no-
tionsof automataheorythatwill beused.

Theorem1 Everyformula of PML hasa semanticmini-
mizationin PML.

Proof: (Sketch) Given a formula , we describe
how to constructanoptimisticsemantianinimization
. (The casefor pessimisticsemantianinimizationsis

similar as by Proposition1(1).) Theideaof
the constructionis simple: de ne atreeautomaton that
accepta 3-valuediabelediree  iff thereexistsa2-valued
tree suchthat and satis es ; andthentranslate
this automatorbackinto a PML formula

To construct , we rst build a nondeterministidree
automaton thatacceptexactly
the computationtreessatisfying [24, 26). has



for input alphabet,a set of states(which may contain
states),an initial state , a nite set
of arities, a transitionfunction
for each , and , andan acceptance
condition Given , we de ne the desirednondeter
ministic tree automaton that
acceptsexactly the 3-valued computationtreesof partial
Kripke structuredor which thereexists a 2-valuedKripke
structurecompletionsatisfying . For ary the
transitionfunction of isde nedas

(6)

By constructiorandde nition of thecompletenesgreorder
, it is immediatethat acceptsa 3-valuedtree  iff
thereexists a 2-valuedtree  suchthat and is
acceptecby . As , cannotdistinguish
treesat depthsgreaterthan . By constructionthis prop-

erty carriesoverto  , andallows for re-encoding asa
of modaldepth : [ |
We illustrate the constructionof and Below,

“ " means’
with and "( is
anacceptingsink state) while ” means

“

, ,and
" (isanon-acceptingink state).

Example 3 (Tautologyin PL) Let and
For and

Thus,by de nition, is such that
. Thus, issemanticallyequivalento

Example 4 (Non self-minimizing PML formula)

Considerthe PML formula ,
whose sub-formulas are neither tautolagies nor un-
satis able  Now is sud that, for any ,

and
(intuitively,  takes care of the case while  cor-
respondsto the default case); if
, and otherwise;
while if or ,
and otherwise Theeforg, is sudh
that and
; if and
, but otherwise;
if or ,
and otherwise We thus obtain
. (Indeed, is not
self-minimizing: for instance for with sole state
and sole transition sud that and
, we have while
; hote asexpected.)

For PL, our tableaux-basedrocedurdor computing
is simpler thanthatof [2] and[28], althoughit may gen-
eratelargerformulas. In theworstcase thesizeof  and

canbe exponentiallylargerthanthe sizeof . Thisis
unavoidableascomputing for is atleastashardasthe
GMC problemfor , whichitself is ashardassatis abil-
ity for [4]: computing is NP-hardin  for PL andis
PSRACE-hardin  for PML.

Theorem1 also revealsthe model complity of the
GMC problemfor PML.

Corollary 1 The generlizedmodelcheding problemfor
PML isin ALOGTIMEin thesizeof themodel.

Proof: Theorem1 provides a reductionfrom the GMC
problemfor aPML formula to the modelcheckingprob-
lemforaPML formula , independentlpfany model

Thus,sincemodelcheckingfor PML is in ALOGTIME in
thesizeof  (e.g.,[5]), sois GMC. [ |

5 SemanticMinimization for Fixed Points

Unlike for PML, we now shav thatCTL, LTL andCTL*
arenot closedundersemantianinimizations.

As notedin [10] through a correspondencéetween
GMC and module checking [23], is
PTIME-hardin thesizeof themodel wheneer ranges
overCTL formulas.A moredirectproofcanbeobtainedby
reducingthe monotonecircuit valueproblem known to be
PTIME-completefor acircuit tothe GMC problemfor a
partialKripke structure  de nedfrom andforaCTL
formulaof theform . Thisreduction
in turnimpliesthefollowing.

Theorem 2 The existenceof an optimistic semantiomini-
mizationin CTLor CTL* for
impliesNLOGSRRCE = PTIME.

In otherwords, not all CTL and CTL* formulas(since
CTL* includesCTL) have semantianinimizationsan CTL*,
unlessNLOGSFACE = PTIME. The sameresultholdsfor
LTL sinceGMC for LTL canalsobe shavn to be PTIME-
hardin the size of the model using a reductionfrom the
monotonecircuit valueproblem[10].

In the caseof , we canprove a resultsimilar to the
PML case.To obtain  we extendthe grammarof PML
with clauses for recursionvariablesand for (least
x ed-point)recursion For a 3-valuedsemanticsyaluations

map variables to pairs of subsetof
states.For closed , the 3-valuedsemantics of [4]
computesa pair of subset®f suchthat

and

Theorem3 Everyformulaof  hasasemantianinimiza-

tionin



Proof: (Sketch) The proof is similar to thatof Theoreml.
For , build anondeterministiparity treeautomaton
that acceptsexactly the in nite treessatisfying [24,
26]. Then,usinga constructiorsimilarto (6), oneobtains
anondeterministiparity treeautomaton thatacceptsa
3-valuedtree iff thereexistsa 2-valuedtree suchthat
and is acceptedby . Thisautomaton can

thenbere-encodedsa formula [27]. [ |

A corollary of the previous theorem(and of Proposi-
tion2)isthatall CTL, LTL andCTL* formulashave seman-
tic minimizationsin (since semanticallyincludes
CTL, LTL andCTL*). Sincecomputinga semanticmini-
mizationis at leastas hardas GMC, which hasitself the
samecompleity (EXPTIME-complete)assatis ability in
the caseof [4], computing is EXPTIME-hardin
for in .

Thanksto Theorem3, we cannow prove the following
result,which strengthen¥heoren?.

Theorem4 The optimistic semanticminimization of the
CTLformula isthe  formula

which is notexpressiblein CTL*.

Proof: (Sketch) Using the constructionof the proof
of Theorem3, we obtain an automaton such that
if or ,
and and
otherwise; if
and , if
,and and
otherwise. canthenbere-encodedis ,
which canbeshavn notto beexpressiblen CTL*. [ |

Goingbeyond , wenotethatasemantianinimization
for all formulasof r st-orderlogic overabinaryrelation
andunaryrelations cannotexist dueto a decidabilitygap:

is decidablevhereas is not.

6 SemanticSelf-Minimization

6.1 Checkingfor Self-Minimization

We now presenta procedureor checkingwhetherary
is optimistically self-minimizing. The procedure
consistof comparingheautomaton de nedin thepre-
vioussectionwith anautomaton thatacceptsxactly
all the3-valuedtrees  for which holds. Sucha
with transitionfunction  canbede ned asanalter
nating parity tree automaton with transitionfunction
(with states}hatacceptexactly the computation
treessatisfying [24], exceptthat satis es

for all ,and

for all

For ary other state not correspondingto or
may be de ned as in [24] with
ary suchthat sincetransitiongor all such in
areof thesameform.
By constructionand (3), , Where
denoteghelanguaggsetof 3-valuedtrees)accepted
by automaton . Checkingwhether is optimisticallyself-
minimizing thenreducego checkingwhether

(7)

This semantidestis exactbut expensve sincethe sizes
of the automatanvolved canbe exponentialin ~ aspre-
viously discussedln the next subsectionsye studypartial
but muchcheapetestsbasedn syntacticcharacterizations
of self-minimizingformulas. Note thatary syntacticchar
acterizationis boundto be incompletesincea linear syn-
tactic checkon a formula cannotbe as preciseasthe ex-
ponentialsemanticcheckin (7) of thatformula. Suchtests
canbeusedfor optimizingtheabstract-check-re nprocess
describedn Sectionl by eliminating Step2(b) for formu-
lasthataredetectedo beself-minimizing,sinceStep2(a)is
guaranteetb havethesameprecisionasStep2(b)for those
formulas.

6.2 Self-Minimization and Monotonicity

We startwith asimplesyntacticcriterionthatis sufcient
to identify self-minimizingformulas,andis muchcheaper
to checkthanthe exact procedureof Section6.1. This cri-
terionis closelyrelatedto reductionresultsof satis ability
to modelchecksor monotone/positie fragmentsof logics.

Proposition4 Let beaclosedformulaof  sudthatno
occuss in the negationnormalform of  in mixed
polarity. Then is semanticallyself-minimizing

SincePL, PML, CTL, LTL, and CTL* embedinto
by preservingthe polarity of atomic propositions this re-
sult also appliesto thesetemporallogics. The syntactic
conditionin Proposition4 is sufcient but not necessary
asshawvn by the next example.

Example5 Theformula , the*if f”
connective , IS semanticallyself-minimizingbut
containsatomswith mixedpolarity. Its 2-valuedsemantics
is notformally monotonesoanyformulaof  equivalent
to it requires someatom of mixedpolarity in its negation
normalform.



6.3 Temporal Patterns of Self-Minimization

We now offer grammarsandpatternghatcertify formu-
lasto be semanticallyself-minimizingand are beyond the
scopeof Propositiord. A grammarshouldbe “optimal” in
that constraintof clausesannotbe relaxed without mak-
ing themunsound We build up suchgrammarsanddiscuss
how they adjustto the caseof semantianinimization.

In Figurel we write and for syntacticcateyories
that generateonly formulas that are pessimistically(re-
spectvely, optimistically) self-minimizing. The clause
(for “Monotone”)is syntacticallycheckableand soundas
it standsfor ary formula of meetingthe assumptions
of Propositiord. The clausesn Figurel for propositional
connectves, and  aresounddueto Propositionl.

As for theclause in Figurel, for eachpointedmodel

thereis aformula with

iff 8)

by [17] and[13]. In [17] it is shavn, for modaltransition
systemsthat iff for all
pointedmodels(the if-part beingnon-trivial); andthatthis
is equialentto, in our terminology all being pes-
simisticallyself-minimizing.By [13], theseresultsalsoap-
ply to our modelsso , rangingover all such , is
a soundgroundclausefor . As for the soundnessf
for holds iff
But if holds, the parity game of
thatmodelcheckdetermines commonre nementwitness
shaving by Theoren of [16].
Next we corvey the main ideasand techniquesof our
soundnesproofsfor temporaloperatorotherthan  and
for mode , theideasandproofsfor mode beingdual.
Theseproofsexploit threefacts:we mayassume to
beanin nite, 3-valued/abelledtree; tobealabelled
treeif satis essome ; andthe
equationg9) and(10) below to hold for the judgments
and , notjustfor 2-valuedsatishction. We use CTL*
connectvesassyntacticsugarin
For unary temporaloperators we needto shav that
implies . For being or ,we
do this by completingthe in nite, 3-valued,labelledtree
in arny wayupto awitnessstatefor , whosesubtree
is replacedwith a completionsatisfying (which existsas
). For  thistechniqueappliesto all pathsfor
to somepathandall otherpathsarecompletedarbitrarily.
The clausefor requiresa differentapproach.We
take a witnesspathfor andinfer thatall
states onthatpath have completionssatisfying , as
. We thenidentify thosestates with the initial
statesof thesecompletionsand “glue” thesecompletions
as new pathsinto The syntacticform of  ensures
thatthe gluedcompletionsarestill withessedor  in the

Figure 1. ( )generates pessimisticall y (op-
timisticall y) self-minimizing formulas (resp.);
rang es over monotone formulas of
over formulas in (8); and ( )are as in Def-
inition 3(5); ranges over nite subsets of

; and is as in De nition 4.

resultingmodel.Moreover, thelargermodelis acompletion
of sincewe keepthe“backbone”of  andaddonly
completionpaths. This constructionwill not succeedor
formulasof the form or asall pathsof glued
completionsvould still be obligedto satisfy , notjust .
The clausefor blendsthe techniqueausedfor

and above: the -techniquefor theinvariant  up until

is true,wherewe completeaccordingo

Theorem5 1. Let
minimizing Then , ,
optimisticallyself-minimizing
2. Let be pessimisticallyself-minimizing
Then , , and are pessimisticallyself-
minimizing If in addition, and , then
is pessimisticallyself-minimizingaswell.

be optimistically self-
,and are

Even for PL, genuinecompletenes®f grammarsfor
and cannotbe hopedfor. If from Ex-
ample5 is presentedn conjunctive (disjunctive) normal
form,it isgenerateddy ( andnotby (respectiely,
). Also, therelaxationof any constraintsn non-ground
clausesnakesthegrammarsn Figurel unsoundOnecan-
notremose  from the clausefor in  since
would otherwisebederivablebut is not pessimisticallyself-
minimizing. A dualcommentappliesto the clauseof
Fromthe proof constructionst is alsoevidentthatwe can-
not omit the annotations and in the clausesof and
that mentionthem. From Theorems2 and 4, we can-
notexpectan clausefor (notethatbothargumentof
arein ).

Remark 1 Theabsenc®fan
clausefor

clausefor ,andan
, hasto dowith thesemantiequivalences

(9)
(10)

which also hold for and . We sketcth proof attempts
for self-minimizatiorandreasondor their failures.



For and , let all satisfy
. “Proof” bycontradiction:

means so

. But is not
valid.
For and , let Then
S0

Evenif , We only get some
satisfying and some
satisfying . But

a proofwouldneedthe samecompletionin bothcases.

The asymmetryin and may only be apparent:
hasa logical dual, mediatedthroughthe clauses
for negation, which could be madeexplicit; andthe in
the clausefor |, forceduponusby aninductive proof
using(10), may not be necessaryAlthoughonecannotre-
lax constraintdor inductive clauseof Figurel ary more,
onecande ne new inductive clauseghat constrainthe in-
teraction contexts of suchclausesadin nitum. We limit
oursehesto specifyingone suchexample,a generalization
of aconstrucimplicit in clause .

De nition 4 [20] Let bea nite setof formulasin
Then is de nedas

The 2-valuedmeaningof is “all formulasin
aretrueat somesuccessostateandall successostatessat-
isfy someformulain " Thispatterncorresponds check-
ing whethera gamewith “continuation” cannotbe lost

with the next exchangeof moves. Combining with
greatestx ed points expresseall instanceof by [17]
and[13]. We prove soundnessf clause for .

Theorem6 Let
minimizingformulasin

be a nite set of optimistically self-
. Then

A clause for a nite set of pessimisticallyself-
minimizing formulasis unsoundn general giventhe dis-
junctionunder in . The soundnessf this dis-
junctionfor  for the formulas thatlogically char
acterizere nementhasbeenshavnin [17].

Mode is usedfor proving properties.Fortunately the
pessimisticelf-minimizationof mary popularspeci cation
patternsanbecertied by our and . Weillustratethis
with resultsfor “weak until,” stimulus-responsehainsand
the“globally true before " pattern.Thetemporaloperator
“weak until,” , Is oftenrequiredin modelchecking
insteadof the ordinary“until” . The semanticof
“weak until” is . So canbefalseforever
aslong as is true forever, e.g.asin “The elevator door
remainsopenuntil a servicebuttonis beingpressed.

Corollary 2 1. Let and
minimizing and
simisticallyself-minimizing

be pessimisticallyself-
Then is pes-

2. Let with , , ,
, , and . Eg
and . Thenthe Globally-1-
Stimulus-2-Responsé&hain pattern*® respond
to after " ispessimisticallyself-minimizing

3. Let  beoptimisticallyand  pessimisticallyself-
minimizing Then“globally, becomedrue before
" is pessimisticallyself-minimizing

Some more comple patternsmay require an exten-
sionof and with constrainednteractionsof existing
clauses.Indeed,the proof for “globally, becomedrue
before " usesduality anda semanticequivalenceanab-
sorptionlaw notexpressedn and

Finally, = and aresoundif interpretedfor seman-
tic minimization,the proofsrequiremore or lesscosmetic
changesonly over thosefor self-minimization. Onethen
hastointerprettheclause®f Figurel asfollows: theclause

stateghat for all , etc.

6.4 Distributive Formulas and Self-Minimization

Janin & Walukiewicz [20] shav that all modal mu-
calculusformulashave normalforms (“distributive formu-
las” [20]) with lineartime satis ability checks. We cus-
tomizetheir de nitions to our settingand prove that mary
distributive formulasareoptimisticallyself-minimizing.

De nition 5 Distributive formulas are thoseformulas of
(extendedwith theconstant ) geneatedby

whee ; and, for ,  OCCus posi-
tivelyandnotin anycontext or in and
eadh in is eitheraliteral ( or ) orofthe
form for a nite set of distributive formulas,and
at mostoneofthe is of theform
Example6 Let be . Since is expressiblevia
[20], isadistributiveformula. For and
we have .
But there is also some of satisfying , with
states and , transitions and , and label-
ings and . Belowwe

provethat sud formulasare optimisticallyself-minimizing

By [20] and[13], every formula of
equivalentto somedistributive formula
generality we may assumehat all
aresatis able (otherwisereplace with ) andthattheir
monomialsof literalsmentionliteralsat mostonce.

We recallthe syntacticunfoldingsof x ed-pointswhere

denoteghe formularesultingfrom substitutingall
freeoccurrencesf in by :

is semantically
. Without lossof



Theorem 7 All closeddistributive formulaswithoutgreat-
est xed pointsare optimisticallyself-minimizing

For greatestx ed points, let . Then
for all . Inductionwould imply
for all . But thelatteris only
sometimessufcient for concluding .
For example,we canexpress as and
our prooffor clause canbeinterpretedasconstruct-
ing awitnessto from “incre-
mental”’witnesse®f all .
Theorem7 can derive only the soundnesof some
clausesfor and For example, can be written
as and expressedas a distributive formula
meetingthe assumption®f Theorem7as and are
derivedfrom [20]. But has x ed-pointchar
acterization which would generally
needa non-trivial corversioninto a distributive format.
The proofs of Theorem7 also reveal that one could
extend the grammarfor  with certainleast x ed-point
clauseghat have as side conditionthat all their nite un-
foldingsaregeneratedy aswell.

7 Applications of Self-Minimization

We brie y look atspeci cationpatternausedin practice
anddiscusswvhetherthey aresemanticallyself-minimizing.
Someinstanceof  arefoundin the classi cationof
frequently-usedemporal-logicpatternsof [7]: (Absence)
, (Universality) , (Exis-

, (Response) , (ResponseChain)

, etc.,where .
The model checler LTSA [25] useslabeledtransition

tence)

systemsandLTL overa nite setof actions  containing
. Two corepatternsareasafetyproperty and
alivenesgproperty . Theembedding®f

and into  arein

Self-minimizing temporal-logicformulasalso occurin
programanddata- ow analysis.We mentiontwo data- ow
analyzesapturedasmodelcheckingproblemg?29]:

Formula says“variable is live at the current
programpoint;’ where ( ) denotes
that variable is used(respectiely, modi ed) at a pro-
grampoint. Formula says' isdeadataprogram
point; where istrueattheendpointof aprogramonly.

Thepatterns and canbeexpressedn
directlyandshavn to beinstance®of
Symbolictrajectoryformulag[30], usedn hardwarever-

i cation, canbede ned by thegrammar

where and ranges
over booleanformulasfrom . If all of are
suchthat , then is pessimisticallyself-minimizing,
including for the modelsusedin [30] which are symbolic
tracepresentationsf certainpartial Kripke structures.

8 Conclusions

We studiedn this paperfor whichtemporal-logidormu-
las model checkinghasthe sameprecisionas generalized
model checking,independenthyof ary model. We identi-

ed thoseformulasas semanticallyself-minimizing,char
acterizedhemusingautomataon 3-valuedtrees,andpro-
vided syntacticconditionsfor ef ciently recognizingmary
of thesejncludingmary instance®f frequently-usedpec-
i cation patternsWe alsostudiedhow to reducethegener
alizedmodelcheckingproblem(including satis ability as
a specialcase)for a formula to regular modelchecking
of aformula obtainedsolelyfrom , thusindependently
of the model. We proved the existenceof such  for ev-
ery in propositionaimodallogic (renderingghe comple-
ity of generalizednodelcheckingin the size of the model
for this logic) andin the modal mu-calculusextendinga
previously-knovn similar resultfor propositionalogic. We
also shawved that, in contrast,the logics LTL, CTL, and
CTL* arenot closedundersemantianinimizations.
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