Exploratory Analysisof Point Proximity in Subspaces

Tin KamHo
Bell Labs,LucentTechnologies
700MountainAvenue 2C425,Murray Hill, NJ07974,USA
tkh@research.bell-labs.com

Abstract

We considerclusteringas computatiorof a structue of
proximityrelationshipswithin a datasetin a featue space
or its subspaces\We proposea data structuie to represent
sud relationshipsand showthat, despiteunavoidablear-
bitrarinessin the clusteringalgorithms,constructiveuses
of their resultscan be madeby studyingcorrelationsbe-
tweemmultipleproximitystructuescomputedromthesame
data. We describea softwae tool that facilitatessud ex-
plorationsand exampleapplications.

1 Intr oduction

In unsupervisedearningmary methodshave beenpro-
posedo nd clustersin adataset[5][10][12], but therehas
beenlittle emphasi®n systematiaiseof theresultingclus-
tersbeyondthe discovery of their existenceand con rma-
tion of their validity. Methodsfor connectinga clustering
studyto the analysisof othercharacteristicef the dataare
relatively undeveloped. Motivatedby several applications
in scienceandengineeringye exploredwaysto extendthe
useof clusteringthat reveal new opportunitiesfor pattern
recognitionmethodologiesIn this paperwe discusssome
of theseusesand describea software tool that facilitates
suchexplorations.

The studybeganwith the obsenationthat,in mary real
world applicationspbjectsunderstudycanbedescribedy
mary featuresthat are not necessarilymeasuredn a sin-
gle scale.In additionto numericalfeatureson incompara-
ble scalespbjectsmaybe describedy ordinalor cateyori-
cal features.Most algorithmsin statisticalpatternrecogni-
tion do not apply directly to measuremergpace®of mixed
scalesandthereareno easywaysto de ne andinterpreta
globalsimilarity measurehatis afunctionof all suchmea-
surements.

Neverthelessnaturalmetricsmay exist for groupsof re-
lated measurements.In the subspacespanneddy those
measurementsthe traditional algorithms are applicable.
Thus the challengeis how to use clusteringresultsfrom
thosesubspace a larger context of study involving all
therelevantmeasurements.

The necessityof suchexplorationsis highlightedby the
following questionasled recentlyby a practitioner after
spendingnucheffort on estimatinga nite mixturemodel:
“Now thatwe have all theseGaussiansyhatshouldwe do
with them?”

2 Clustering asProximity Analysis

Clusteringanalysisis plaguedwith arbitrarinessin the
choiceof thevalidationcriterion,or in thenumberor shape
of clustersoneis willing to acceporimposeonthedata.A
goalof our studyis to make constructve usesof clustering
resultsdespitesucharbitrarinessTowardsthis we consider
aview of clusteringthatemphasizegs functionof comput-
ing a proximity structue from the data.

This view is motivatedby the factthat mary clustering
methodsdependon a similarity metric. Evenin popular
probabilisticmodel-basednethodsthat estimatemixtures
of Gaussiamlistributions,locationof themeanof eachcom-
ponendistributionandthedispersiorof thedataaroundthe
meanareof primaryconcern.

Thereforea startingpointto relateclusteringanalysisto
otherdatacharacteristicss to considerclusteringasa pro-
cedureto construct datastructureghathighlightsthe prox-
imity relationshipamongthe datapoints. From this per
spectve, clusteringalgorithmsdiffer just by the particular
structurethey computeusingdifferentmetrics,models,or
differentscalesof resolution.We theninvestigatehe com-
monalitiesof suchstructuresand develop measuresalgo-
rithms, andtools to relatealternative structurescomputed
from the samedata.

We de ne a proximity structue  of a -dimensional
dataset to beapair ,
where is a weightedgraph

, andtheweightsof edgesn arevaluesof afunc-
tion of proximity betweerntwo elementof . We limit our
discussionso two typesof structuresasfollows:

is a setof subsetsn

1. partitional structures,where is a partition of
i.e., consistof nonintersectingubseto®f  whose
unionequals ,and is agraphwherethenodesare
elementf ;



2. hierarchicaktructureswhere is atreethatsplitsthe
root into a setof leavesthat partition , and is
thesetof all thenodesn betweerandincludingthe
rootandtheleaves.

Notethatthe partitionalsubsets in
containingonly onepointin . Thelength(weight) of an
edgein s the valueof a proximity function thatis a
notion of distancebetweentwo subsetsand may involve
scatterwithin the subsets.For singletonst is the distance
betweentwo points.  neednot be fully connectedf is
unde nedbetweercertainelementf

canbesingletons

An exampleof a partitional structure
has  beingthe clusterscomputedfrom a k-meanspro-
cedureusing Euclideandistance,and being a mini-
mum spanningree connectinghe centroidsof thoseclus-
ters (seeFigure 2). An exampleof a hierarchicalstruc-
ture is the treeresultingfrom a complete-
linkageagglomeratie procedureappliedto elementf
in , with representinghetreeand  containingall
thenodesin thetree. The edgelengthsin aredistances
betweenthe centroidsof parentsubsetsandthoseof their
children.

Naturallythisview of clusterings helpfulin casesvhere
meaningfulmetric exists only in certainsubspacessothat
in eachsubspaca differentproximity structurecanbecon-
structed.In addition,for eachnumericalor ordinalfeature,
thereexistsa trivial partitionalstructurewhere is theset
of all singletonsn , and isthelinearorderingde ned
by thevalueof thefeature.If therangeof valuesis divided
into regular intervals, pointsin eachinterval canbe taken
asa cluster andrepresentate valuesof eachinterval can
be orderedto createa relationshipgraph. For a cateyorical
feature,a degeneratestructureexistswhere containsthe
setsof pointsin eachcategory andtheedgeset of is
empty

Subspacede ned in otherwayscanbe corvertedto co-
ordinatesubspaces the featurespaces augmentedo in-
clude variablesde ned by speci ¢ projectionsand trans-
formationsof the raw features. Functionaldependences
canbe representedh a similar way. Externalcriteria for
clustervalidationcanbe includedby augmentinghe fea-
turespaceo includevariablesde ning suchacriterion. To
represensoft partitionscomputedoy somealgorithms,one
can rst hardenthe clustermembershipsind/orextendthe
partitional structureto allow intersectingsubsets.Finally,
while the representatiois motivatedby clustering,
it candescribesimilar structuregesultingfrom otherpro-
cessessuchasclassi cationandregressiortrees[1] where
thestructureis relatedto that of a cateyoricalfeatureor re-
sponsevariableby construction.

3 Exploration in Proximity Correlations

Givenour broadde nition of proximity structuresit is
obviousthatmary suchstructuresanbe constructedrom
anarbitrarydataset. Our taskis to studythe relationships
amongmultiple structurescomputedfrom the samedata.
In the literaturethis hasbeenaddresseds interpretation,
comparisorf4], andcombination[11] of a multiplicity of
clusteringresults.Oneapproachde nesa globalsimilarity
metric as a simple function of the subspacametrics,and
usest to obtainclusterdn thefull space Suchcombination
functionsneedto be carefullyjusti ed. Methodshave also
beenproposedor measuringagreemenof partitions[4] or
intersectiorof matchedgroups[5].

Neverthelessit is realizedthata summarizingneasure
of agreemenis lessrelevantthanan investigationof what
is causingthe disagreemen]. Thereforewe believe that
methodsandtoolsfor detailedanalyse®f thecorrelationof
differentproximity structuresareof critical importance.

Clusterscompresghe datafor more ef cient handling
andmulti-resolutionstudy By introducingthe relationship
graph , thedatacanbe orderedin a meaningfulway by
methodsof traversalin . Thisis especiallyimportantfor
multidimensionasubspacethatdo nothave auniquenatu-
ral ordering. A particularmethodof traversalselectgpaths
in alongwhichonecande ne measureto quantifychar
acteristicof a proximity correlationandanswemuestions
suchasthefollowings:

(Continuity)Do smallchangesn onesubspacenduce
smallchangesn anothersubspace?

(Monotonicity) Do changesin one subspacelways
inducechangesn the samedirectionin anothersub-
space?

(Linearity) Do changesn onesubspacalwaysinduce
changedy the sameproportionin anothersubspace?

(Connectednessjow far cana clusterexpandin one
subspacé# its membersareto stayin the samecluster
in anothersubspace?

(Intrinsic dimensionality)How mary differentdirec-
tions of changesare signi cant in a particular sub-
space?

4 A Tool for Interactive Analysis

Many studiesin clusteringemphasizéheimportanceof
visualizationand interactize graphicalanalysis. As a rst
stepto obtaininsightsfor a systematicstudy of proximity
correlations,we adoptedthis approachand constructeca
softwaretool, Mirage, to supportsuchanalysegFigurel).
Mirage is writtenin Java 1.3with aheary useof the Swing
library, andcanberunonbothUnix andWindowsplatforms
thathave animplementatiorof the Java Virtual Machine.
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Figure 1. A screen shot with a highlighted
subset in the four raw data displa ys. The sub-
set is selected in the histogram display and
broadcasted to other views.

Mirage containgisplaysof datapointsprojectedo one,
two, andmultidimensionakubspacesswell asclustersn
suchsubspacealongwith their relationshipgraphs.Most
importantly connectiondetweerall the displaysaremain-
tained,in a way that subsetsselectedn oneview canbe
broadcastedndtrackedin all otherviews. Thisis achieved
by anobject-orientedrganizationof the datasetandcom-
mon interfacesto all the displays. The interfacespeci es
thateverydisplaysupportsnanuakelectiorof aclusterau-
tomaticselectionof eachclusterin turnalongapre-de ned
pathin arelationshipgraph broadcasting selectectluster
away to highlighta broadcastedluster andaway to shav
membershif every pointin a setof partitionalclusters.

4.1 Displaysof raw data

We assumehat a datasetis a matrix wherepointsare
representedy rows and the featuresare representedy
columns. Several views of the datasetsare offered (Fig-
urel), andintuitive meango interactwith the displaysare
provided:

A tableview of the datamatrix, with a color tag at-
tachedto eachrow thatshows its membershipn par
titional clusters. Pointscan be selectedby a mouse
draggedto cover the correspondingows, and high-
lightedby changinghebackgrounctolor of therows.

A histogramplot that canbe recon guredto shav a
one-dimensiongbrojectionof the datasetto ary sin-
gle featurewith frequenciesn a choosablenumberof
bins. The bins form a partition structurethat can be
traversedn simpleleft-right paths.Clustergbins)can
be selectedvith a mousedrawing aninterval. Broad-

4.2

castedselectionsor partitionsareshavn by highlight-
ing or coloringeachbarin correspondindpeights.

A scattemlot thatdisplaysa two-dimensionaprojec-
tion of thedata,wherethe X andY axescanbechosen
to be ary of the featuredimensions. Reggionsin the

projectionplanecanbe selectedby draving boxesor

irregularregionswith amouse.Theselectegointsare

highlightedandcanbetrackedwhentheplotis recon-
gured to show a differentpair of featuresor broad-
castedo otherplots.

A feature vector plot that is also known as a
plot of pro les[2], distribution map$7], or parallel
coordinate$9]. This plot shavs the projectionof the
datato a multi-dimensionalubspacéy plotting the
valueof every featureagainstheindex of thatfeature
in the subspace.That s, a point projectedto a sub-
spaceof  dimensionsas is shovn asa
polygonalline with nodesmarked at for each

. This plot is a naturaldisplay for
vectorssuchasa spectrunor atime series.Vectorsof
measurementsn incomparablescalesneedto be rst
standardizedo thateachcomponentasmean and
standarddeviation . Datacanbe selectecandbroad-
castedrom this plot by drawing intenalsin eachfea-
ture dimensionandcomposingunionsor intersections
of suchintervals. Highlightsandpartitionsareshavn
by coloringthelines. Theplot canberecon guredto
shaw vectorsin differentsubspacewith theselections
presered.

Displaysof nontrivial proximity structures

A clustercanbeshavn in the context of theentiredata
setby highlightsin theplots. Membersof aclustercan
alsobe shavn in isolationin ary of thefour raw data
displays.

Partitionalclustersaareshavn by colorsin eachdisplay

Hierarchicalclustersareshowvn in a treepanelresem-
bling populardisplaysof le trees.Nodescanbe se-
lectively expandedor closedto shov moreor lessde-
tails. Clusterscorrespondingo selectechodescanbe
broadcastedand nodescan be taggedwith colorsto
shav broadcastedelectionsr partitions.

Relationshipgraphsareshavn in two dimensionaus-
ing a spring-modelayoutalgorithmthatpositionsthe
nodesto bestpresere the edgelengths. Clustersrep-
resentedy the nodescanbe selectecandbroadcasted
to otherplots, or paintedin color accordingto broad-
castedselectionr partitions(Figure?2).



Figure 2. A screen shot showing a set of par-
titional cluster s linked by an MST, and a step
on a leaf-to-leaf path in the MST being broad-
casted to other views.

4.3 Exploration algorithms

With this infrastructuremary explorationtools can be
implemented. Supportedoperationsnclude manually se-
lecting a subsetand tracking it in otherviews, automati-
cally steppingthrougheachsubsetalonga prede nedpath
and tracking the movementin otherviews, and manually
or automaticallyrecon guringaspeci ¢ plot to shav other
subspaceandtrackthelocationof aselectedsubsetThese
operationsgive visual answersto the questionsposedin
Section3. Fromtheseone caneasilydetectregularitiesor
anomaliesn thedataor in the correlationsof structures.

Besideghesebasicoperationspnecanconstructfacili-
tiesto de ne new subspaceandimportnew featuresor data
points,matcha selectedsubsetwith comparisordatasuch
assamplegrom aknown distribution or pointspredictecby
atheoreticamodel,selector trackthedatain thecontext of
a backgroundmagesuchasa mapor a photographcom-
parethe datato a geometricabbjectprojectedto the same
subspacsuchasa regressiorine or a hyperplaneandex-
ecutea commandscriptcontaininga prespeci edsequence
of operations.While someof thesetechniqueshave been
attemptedefore(e.g.slicingdataby intervalsin subspaces
asin the Trellis graphicssystem[3]), it is obviousthatour
setupopensup mary interestingnewn possibilitiesin data
analysis.

5 Applications

We have usedMirage andits predecesson® studyob-
senationor simulationdatafrom mary area®f scienceand
engineering.lt hasenabledperturbatiorstudiesof several
complex modelsof physicsin computationaphotonicghat
yieldednew designof optical bers andidenti ed practical

architecture®f Ramanampli ers. It revealedrelationships
betweerfailure ratesand usagepatternsof a wirelesssys-
tem,andsenedto monitorIP traf c in anMPLS-baseahet-
work managemergystem.lt helpedin a diagnosif prob-
lemsin thedatapipelineof anongoingastronomicasurey.
Otherusesverefoundin traditionalareasncludingbiomet-
rics, imageandspeectprocessinganddocumentanalysis.
In supervisedearning,Mirage hasbeenusedto studythe
geometryof variousdatasetsto suggestlassi ers,andto
relatedatacharacteristicto classi er performancg6][8].

6 Conclusions

We investigatedmethodsfor using clusteranalysisin
the context of othermeasurementandstructuresn a data
set. We proposedh representationf clusteringresultsthat
enablesnterestinganalysisof the regularitiesandanoma-
lies in multiple proximity structuresarisingfrom different
choicesof featuresmetrics,scaletypes,shapemodels,al-
gorithms,andresolution.The proposedinalysiframenork
is implementedn a softwaretool thathasfound mary in-
terestinguseswith datafrom obsenationsandsimulations
in severalareaf scienceandengineering.
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