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Abstract
We considerclusteringascomputationof a structure of

proximityrelationshipswithin a datasetin a feature space
or its subspaces.We proposea datastructure to represent
such relationships,andshowthat, despiteunavoidablear-
bitrarinessin the clusteringalgorithms,constructiveuses
of their resultscan be madeby studyingcorrelationsbe-
tweenmultipleproximitystructurescomputedfromthesame
data. We describea software tool that facilitatessuch ex-
plorationsandexampleapplications.

1 Intr oduction
In unsupervisedlearningmany methodshave beenpro-

posedto �nd clustersin adataset[5][10][12], but therehas
beenlittle emphasisonsystematicuseof theresultingclus-
tersbeyond the discovery of their existenceandcon�rma-
tion of their validity. Methodsfor connectinga clustering
studyto theanalysisof othercharacteristicsof thedataare
relatively undeveloped. Motivatedby several applications
in scienceandengineering,weexploredwaysto extendthe
useof clusteringthat reveal new opportunitiesfor pattern
recognitionmethodologies.In this paperwe discusssome
of theseusesand describea software tool that facilitates
suchexplorations.

Thestudybeganwith theobservationthat,in many real
world applications,objectsunderstudycanbedescribedby
many featuresthat arenot necessarilymeasuredon a sin-
gle scale.In additionto numericalfeatureson incompara-
blescales,objectsmaybedescribedby ordinalor categori-
cal features.Most algorithmsin statisticalpatternrecogni-
tion do not applydirectly to measurementspacesof mixed
scales,andthereareno easywaysto de�ne andinterpreta
globalsimilarity measurethatis a functionof all suchmea-
surements.

Nevertheless,naturalmetricsmayexist for groupsof re-
lated measurements.In the subspacesspannedby those
measurements,the traditional algorithms are applicable.
Thus the challengeis how to useclusteringresultsfrom
thosesubspacesin a larger context of study involving all
therelevantmeasurements.

Thenecessityof suchexplorationsis highlightedby the
following questionasked recentlyby a practitioner, after
spendingmucheffort on estimatinga �nite mixturemodel:
“Now thatwe have all theseGaussians,whatshouldwe do
with them?”

2 Clustering asProximity Analysis
Clusteringanalysisis plaguedwith arbitrariness,in the

choiceof thevalidationcriterion,or in thenumberor shape
of clustersoneis willing to acceptor imposeon thedata.A
goalof our studyis to make constructiveusesof clustering
resultsdespitesucharbitrariness.Towardsthisweconsider
aview of clusteringthatemphasizesits functionof comput-
ing aproximitystructure from thedata.

This view is motivatedby the fact that many clustering
methodsdependon a similarity metric. Even in popular
probabilisticmodel-basedmethodsthat estimatemixtures
of Gaussiandistributions,locationof themeanof eachcom-
ponentdistributionandthedispersionof thedataaroundthe
meanareof primaryconcern.

Thereforea startingpoint to relateclusteringanalysisto
otherdatacharacteristicsis to considerclusteringasa pro-
cedureto constructadatastructurethathighlightstheprox-
imity relationshipamongthe datapoints. From this per-
spective, clusteringalgorithmsdiffer just by the particular
structurethey computeusingdifferentmetrics,models,or
differentscalesof resolution.We theninvestigatethecom-
monalitiesof suchstructuresanddevelopmeasures,algo-
rithms, and tools to relatealternative structurescomputed
from thesamedata.
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where � is a set of subsetsin � ,  is a weightedgraph

�#�
�%$&� , andtheweightsof edgesin $ arevaluesof a func-
tion of proximity betweentwo elementsof � . We limit our
discussionsto two typesof structuresasfollows:

1. partitional structures,where � is a partition of � ,
i.e., � consistsof nonintersectingsubsetsof � whose
unionequals� , and  is a graphwherethenodesare
elementsof � ;



2. hierarchicalstructures,where is a treethatsplitsthe
root � into a setof leavesthat partition � , and � is
thesetof all thenodesin  betweenandincludingthe
rootandtheleaves.

Notethatthepartitionalsubsets� in � canbesingletons
containingonly onepoint in � . Thelength(weight)of an
edgein $ is the valueof a proximity function � that is a
notion of distancebetweentwo subsets,and may involve
scatterwithin the subsets.For singletonsit is thedistance
betweentwo points.  neednot be fully connectedif � is
unde�nedbetweencertainelementsof � .

An exampleof a partitional structure
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being the clusterscomputedfrom a k-meanspro-
cedureusing Euclideandistance,and  

�

being a mini-
mumspanningtreeconnectingthecentroidsof thoseclus-
ters (seeFigure 2). An exampleof a hierarchicalstruc-
ture
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� is the treeresultingfrom a complete-
linkageagglomerativeprocedureappliedto elementsof �

�

in
���

, with  

�

representingthetreeand �

�

containingall
thenodesin thetree.Theedgelengthsin  

�

aredistances
betweenthe centroidsof parentsubsetsandthoseof their
children.

Naturallythisview of clusteringis helpfulin caseswhere
meaningfulmetricexistsonly in certainsubspaces,so that
in eachsubspaceadifferentproximity structurecanbecon-
structed.In addition,for eachnumericalor ordinalfeature,
thereexistsa trivial partitionalstructurewhere � is theset
of all singletonsin � , and  is the linearorderingde�ned
by thevalueof thefeature.If therangeof valuesis divided
into regular intervals, points in eachinterval canbe taken
asa cluster, andrepresentative valuesof eachinterval can
beorderedto createa relationshipgraph.For a categorical
feature,a degeneratestructureexistswhere � containsthe
setsof pointsin eachcategory andthe edgeset $ of  is
empty.

Subspacesde�ned in otherwayscanbeconvertedto co-
ordinatesubspacesif the featurespaceis augmentedto in-
clude variablesde�ned by speci�c projectionsand trans-
formationsof the raw features. Functionaldependences
canbe representedin a similar way. Externalcriteria for
clustervalidationcanbe includedby augmentingthe fea-
turespaceto includevariablesde�ning sucha criterion.To
representsoftpartitionscomputedby somealgorithms,one
can�rst hardentheclustermembershipsand/orextendthe
partitionalstructureto allow intersectingsubsets.Finally,
while the ���
�! "� representationis motivatedby clustering,
it candescribesimilar structuresresultingfrom otherpro-
cesses,suchasclassi�cationandregressiontrees[1] where
thestructureis relatedto thatof a categoricalfeatureor re-
sponsevariableby construction.

3 Exploration in Proximity Correlations
Givenour broadde�nition of proximity structures,it is

obviousthatmany suchstructurescanbeconstructedfrom
anarbitrarydataset. Our taskis to studytherelationships
amongmultiple structurescomputedfrom the samedata.
In the literaturethis hasbeenaddressedas interpretation,
comparison[4], andcombination[11] of a multiplicity of
clusteringresults.Oneapproachde�nesa globalsimilarity
metric as a simple function of the subspacemetrics,and
usesit to obtainclustersin thefull space.Suchcombination
functionsneedto becarefullyjusti�ed. Methodshave also
beenproposedfor measuringagreementof partitions[4] or
intersectionof matchedgroups[5].

Nevertheless,it is realizedthat a summarizingmeasure
of agreementis lessrelevant thanan investigationof what
is causingthedisagreement[5]. Thereforewe believe that
methodsandtoolsfor detailedanalysesof thecorrelationof
differentproximity structuresareof critical importance.

Clusterscompressthe datafor moreef�cient handling
andmulti-resolutionstudy. By introducingtherelationship
graph  , the datacanbe orderedin a meaningfulway by
methodsof traversalin  . This is especiallyimportantfor
multidimensionalsubspacesthatdonothaveauniquenatu-
ral ordering.A particularmethodof traversalselectspaths
in  alongwhichonecande�ne measuresto quantifychar-
acteristicsof a proximity correlation,andanswerquestions
suchasthefollowings:

� (Continuity)Do smallchangesin onesubspaceinduce
smallchangesin anothersubspace?

� (Monotonicity) Do changesin one subspacealways
inducechangesin the samedirectionin anothersub-
space?

� (Linearity)Do changesin onesubspacealwaysinduce
changesby thesameproportionin anothersubspace?

� (Connectedness)How far cana clusterexpandin one
subspaceif its membersareto stayin thesamecluster
in anothersubspace?

� (Intrinsic dimensionality)How many differentdirec-
tions of changesare signi�cant in a particular sub-
space?

4 A Tool for Interacti ve Analysis
Many studiesin clusteringemphasizetheimportanceof

visualizationand interactive graphicalanalysis. As a �rst
stepto obtaininsightsfor a systematicstudyof proximity
correlations,we adoptedthis approachand constructeda
softwaretool, Mirage, to supportsuchanalyses(Figure1).
Mirage is written in Java1.3with aheavy useof theSwing
library, andcanberunonbothUnix andWindowsplatforms
thathaveanimplementationof theJavaVirtual Machine.



Figure 1. A screen shot with a highlighted
subset in the four raw data displa ys. The sub­
set is selected in the histogram displa y and
broadcasted to other views.

Mirage containsdisplaysof datapointsprojectedto one,
two, andmultidimensionalsubspaces,aswell asclustersin
suchsubspacesalongwith their relationshipgraphs.Most
importantly, connectionsbetweenall thedisplaysaremain-
tained,in a way that subsetsselectedin one view canbe
broadcastedandtrackedin all otherviews. This is achieved
by anobject-orientedorganizationof thedatasetandcom-
mon interfacesto all the displays. The interfacespeci�es
thateverydisplaysupportsmanualselectionof acluster, au-
tomaticselectionof eachclusterin turnalongapre-de�ned
pathin arelationshipgraph,broadcastingaselectedcluster,
away to highlighta broadcastedcluster, andaway to show
membershipof everypoint in a setof partitionalclusters.

4.1 Displaysof raw data
We assumethat a dataset is a matrix wherepointsare

representedby rows and the featuresare representedby
columns. Several views of the datasetsareoffered(Fig-
ure1), andintuitive meansto interactwith thedisplaysare
provided:

� A tableview of the datamatrix, with a color tag at-
tachedto eachrow thatshows its membershipin par-
titional clusters. Pointscan be selectedby a mouse
draggedto cover the correspondingrows, and high-
lightedby changingthebackgroundcolorof therows.

� A histogramplot that canbe recon�guredto show a
one-dimensionalprojectionof thedatasetto any sin-
gle featurewith frequenciesin a choosablenumberof
bins. The bins form a partition structurethat canbe
traversedin simpleleft-right paths.Clusters(bins)can
beselectedwith a mousedrawing aninterval. Broad-

castedselectionsor partitionsareshown by highlight-
ing or coloringeachbarin correspondingheights.

� A scatterplot thatdisplaysa two-dimensionalprojec-
tion of thedata,wheretheX andY axescanbechosen
to be any of the featuredimensions.Regions in the
projectionplanecanbe selectedby drawing boxesor
irregularregionswith amouse.Theselectedpointsare
highlightedandcanbetrackedwhentheplot is recon-
�gured to show a differentpair of features,or broad-
castedto otherplots.

� A feature vector plot that is also known as a
plot of pro�les[2], distribution maps[7], or parallel
coordinates[9]. This plot shows the projectionof the
datato a multi-dimensionalsubspaceby plotting the
valueof every featureagainsttheindex of thatfeature
in the subspace.That is, a point projectedto a sub-
spaceof � dimensionsas ��� � ������������� � is shown asa
polygonalline with nodesmarked at �

�

���	��� for each
�

��

�

�

����� . This plot is a naturaldisplay for
vectorssuchasa spectrumor a timeseries.Vectorsof
measurementson incomparablescalesneedto be�rst
standardizedso that eachcomponenthasmean � and
standarddeviation 
 . Datacanbeselectedandbroad-
castedfrom this plot by drawing intervalsin eachfea-
turedimensionandcomposingunionsor intersections
of suchintervals. Highlightsandpartitionsareshown
by coloringthelines. Theplot canberecon�guredto
show vectorsin differentsubspaceswith theselections
preserved.

4.2 Displaysof nontri vial proximity structur es
� A clustercanbeshown in thecontext of theentiredata

setby highlightsin theplots.Membersof aclustercan
alsobeshown in isolationin any of the four raw data
displays.

� Partitionalclustersareshownbycolorsin eachdisplay.

� Hierarchicalclustersareshown in a treepanelresem-
bling populardisplaysof �le trees.Nodescanbe se-
lectively expandedor closedto show moreor lessde-
tails. Clusterscorrespondingto selectednodescanbe
broadcasted,andnodescanbe taggedwith colors to
show broadcastedselectionsor partitions.

� Relationshipgraphsareshown in two dimensionsus-
ing a spring-modellayoutalgorithmthatpositionsthe
nodesto bestpreserve theedgelengths.Clustersrep-
resentedby thenodescanbeselectedandbroadcasted
to otherplots,or paintedin color accordingto broad-
castedselectionsor partitions(Figure2).



Figure 2. A screen shot sho wing a set of par­
titional cluster s linked by an MST, and a step
on a leaf­to­leaf path in the MST being broad­
casted to other views.

4.3 Exploration algorithms
With this infrastructuremany exploration tools can be

implemented.Supportedoperationsincludemanuallyse-
lecting a subsetand tracking it in other views, automati-
cally steppingthrougheachsubsetalonga prede�nedpath
and tracking the movementin otherviews, and manually
or automaticallyrecon�guringa speci�c plot to show other
subspacesandtrackthelocationof aselectedsubset.These
operationsgive visual answersto the questionsposedin
Section3. Fromtheseonecaneasilydetectregularitiesor
anomaliesin thedataor in thecorrelationsof structures.

Besidesthesebasicoperations,onecanconstructfacili-
tiestode�ne new subspacesandimportnew featuresor data
points,matcha selectedsubsetwith comparisondatasuch
assamplesfrom aknowndistributionor pointspredictedby
atheoreticalmodel,selector trackthedatain thecontext of
a backgroundimagesuchasa mapor a photograph,com-
parethedatato a geometricalobjectprojectedto thesame
subspacesuchasa regressionline or a hyperplane,andex-
ecutea commandscriptcontaininga prespeci�edsequence
of operations.While someof thesetechniqueshave been
attemptedbefore(e.g.slicingdataby intervalsin subspaces
asin theTrellis graphicssystem[3]), it is obviousthatour
setupopensup many interestingnew possibilitiesin data
analysis.

5 Applications
We have usedMirage andits predecessorsto studyob-

servationor simulationdatafrom many areasof scienceand
engineering.It hasenabledperturbationstudiesof several
complex modelsof physicsin computationalphotonicsthat
yieldednew designsof optical�bers andidenti�ed practical

architecturesof Ramanampli�ers. It revealedrelationships
betweenfailure ratesandusagepatternsof a wirelesssys-
tem,andservedto monitorIP traf�c in anMPLS-basednet-
work managementsystem.It helpedin a diagnosisof prob-
lemsin thedatapipelineof anongoingastronomicalsurvey.
Otheruseswerefoundin traditionalareasincludingbiomet-
rics, imageandspeechprocessing,anddocumentanalysis.
In supervisedlearning,Mirage hasbeenusedto studythe
geometryof variousdatasetsto suggestclassi�ers,andto
relatedatacharacteristicsto classi�er performance[6][8].

6 Conclusions
We investigatedmethodsfor using clusteranalysisin

thecontext of othermeasurementsandstructuresin a data
set. We proposeda representationof clusteringresultsthat
enablesinterestinganalysisof the regularitiesandanoma-
lies in multiple proximity structuresarisingfrom different
choicesof features,metrics,scaletypes,shapemodels,al-
gorithms,andresolution.Theproposedanalysisframework
is implementedin a softwaretool that hasfoundmany in-
terestinguseswith datafrom observationsandsimulations
in severalareasof scienceandengineering.
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