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|. INTRODUCTION

This note describesrecent results on the effect of sta-
tistical multiplexing on the long-range dependence(LRD)
of Internet paclet traffic. Details and bibliographies
may be found in a series of papers at http://cm.bell-
labs.com/stat/Internetaffic/webpapers.htin

Let aj, for j = 1,2,... bethe arrival times of pacletson
an Internetlink, lett; = aj41 — a; betheinterarrival times,
andlet g; bethe paclet sizes. Supposeave divide time up into
equal-lengthconsecutie intervals. Let p; bethe paclketcounts
in interval 5. Thet; andg; arestudiedastime seriesin 5, and
thep; asatime seriesin i.

The paclettraffic onalink is theresultof the statisticalmul-
tiplexing of pacletsfrom differentactive connectionsLet ¢ be
the meannumberof active connectionver aninterval of time
duringwhich link usageis stationary ¢ senesasa measuref
the magnitudeof statisticalmultiplexing over theinterval. This
note addressethe effect of anincreasinge on the LRD of the
threetraffic variablest;, g;, andp;.

Resultsaarebasednthefollowing: (1) the mathematicathe-
ory of markedpointprocesseq2) empiricalstudyof live paclet
tracedrom 15interfacesvhoses-minaverageraffic ratesrange
from about2 kbpsto 250 mbps;(3) empiricalstudyof synthetic
paclet tracesfrom network simulationwith NS; (4) simplesta-
tistical models,FSD modelsand FSD-MA(1) models,for the
traffic variables.

Il. THEORY

Theory is easy and corvincing for a link on an over
provisionednetwork wherec is never so big thatthereis more
thanminor queueing.As ¢ increasesg; tendstoward a Pois-
sonprocesssot; tendstoward independenceAs c increases,
g; alsotendstoward independence We usethe word toward
because; andg; eachalwayshasanLRD componentbut the
contribution of the componento the variability of thetime se-
riesgetslessandless.

The correlationstructureof p;, however, doesnot changeso
LRD is preseredin the counts.(This might seemlik e a contra-
dictionto theresultsfor ¢;; laterwe describehow thetwo results
fit together) Thecoeficient of variation(standarddeviation di-
vided by the mean)of p; goesto zerolike 1/4/c. This means
that the excursionsof p; above or belon the mean,which last
for long periodsof time becauseof the LRD, get smallerand
smallerin magnituderelative to the mean. While the LRD of
the p; is unchangingn the sensehatthe autocorrelatiors un-
changing,eventuallythe LRD ceasedo be salientbecausehe
variability of the p; getssmall.

The over-provision theory appliesto a link for the rangeof
valuesof ¢ that are small enoughthat queueingat the input
routerandnearbyupstreantevicesis not substantiallUpstream

gueueingof a sufficiently large magnitudeinvalidatesthe as-
sumptionsthat lead to the over-provision results. A more so-
phisticatedheoryto handlethe queueingdoesnot exist. Rough
argumentssuggesthat the LRD of ¢; andg; shouldstill tend
toward independencehatthe LRD of the p; is eventuallyal-

tered,andthat the coeficient of variationeventually stabilizes
to a smallpositive constant But we needto appealto empirical
studyof live traffic from the Internet,and syntheticlink traffic

from simulationsto resole the uncertainty

I11. FSD AND FSD-MA (1) STATISTICAL MODELS

We found that very simple statistical time seriesmodels,
whichwe call fractionalsumdifferencgFSD) modelsandFSD-
MA(1) models,provide anexcellentfit to thet;, g;, andp; for
thelive andsyntheticlink paclettraces.

Thefirst stepin themodelingis to transform¢,; andp; to bring
their mamginal distributionscloserto GaussianWe transformed
thet; by sixth rootsandthe p; by logs. Thethreetime series,
two transformedndonenot, arethennormalizedy subtracting
thesamplemeananddividing by thesamplestandardieviation.
Lett}, ¢, andp; denotethenormalizedime series.(We carried
outouranalysesvithoutthetransformationandtheresultswere
similar, but thetransformatiorputsthe statisticalmodelingon a
morerigorousbasis.)

Let z,, beanFSDtime seriesnormalizedo have mean0 and
variancel. Then

zu:\/1—05u+\/§nu,

wheres, andn, areindependenbf oneanotherandeachhas
mean0 andvariancel. n,, iswhite noise thatis, anuncorrelated
time series.s,, is afractional ARIMA model

(I —B)s, =€, + €41

whereBs,, = s4,_1, 0 < d < 0.5, ande,, is white noisewith
mean0 andavariances? = ((1 — d)I'?(1 — d))/(2T'(1 — 2d))
to make thevarianceof s, equalto 1.

Letrs(k) andr, (k) bethe autocorrelatiorfunctionsof of s,
andz,, respectrely for lagsk = 0,1,2,... . s, hasLRD, and
ry(k) falls off like k24— andincreasest all positive lagsasd
increasesTheautocorrelatiofunctionof z, is

rz(k) = (1 —8)rs(k).

Thusz,, whosevarianceis 1, is the sumof the correlateccom-

ponenty/1 — 8s,,, whosevarianceis 1 — 8, andtheuncorrelated
componenty/@n,,, whosevarianceis §. The dependencele-
crease®sh increasesoward 1; if 1 — § decreaseby a certain
factor thenall r, (k) for k > 0 decreaséy thefactor Finally,

whené = 1, z, is white noise.



DIMA CSINTERNET WORKSHOP2002

The power spectrunof z,, is

> _4cos’(nf)
‘ (4 sin2(7rf))d

wherethe frequeng f hasunits cycles/interarrival for ¢;, cy-
cles/packt for g;, andcycles/interal-lengthfor p;, andwhere
0 < f < 0.5. p.(f) decreasesonotonicallyas f increases.
p.(f) goesto infinity at f = 0 like sin=2¥(x f), soif § < 1,
no matterhow closef getsto 1, p. ( f) getsarbitrarily largenear
f =0, butits ascenbeginscloserandcloserto 0 asf getscloser
tol.
The FSD-MA(1) modelis

zu:v1—03u+\/§nu,

similar to the FSD model, but wheren,, insteadof white noise
is afirst ordermoving-average

+6

p:(f)=(1-0)o

Ny = Cu + /BCu—la

where(, is Gaussiawhite noisewith mean0 andvariance(1+
$%)~1, which makesthe varianceof n,, equalto 1. If 3 = 0,
the moving-averagecomponenis white noiseso the modelis
simplyanFSD.

IV. EMPIRICAL AND SIMULATION STUDY

For thelive andsyntheticpaclet traces the FSD modelpro-
videsan excellentfit to ¢; andp;, andthe FSD-MA(1) to the
t7. Valuesof ¢ have a rangeof 20-8200connectiongfor the
live tracesand 1-215connectiondor the synthetictraces.The
t; andp; for very smallc canhave effectsnot capturedoy the
modeling, but even herethe modelssene as an excellent ap-
proximationfor studyingLRD. We foundthata d of about0.4
providesanexcellentfit for all threetraffic variablesandfor all
c. Estimatesf 8 arelessthanl for all threetraffic variables.
In otherwords,thereareelementof LRD in all variablesatall
rates.

As thetracevalueof c increases tendsto 1 for t; andg;. so
thereis aclearreductionin LRD. Thismeangheg; tendtoward
independence.For t; from someinterfaces,the FSD-MA(1)
often hasa g significantly greaterthan zero, so the ¢t} tendto
short-rangedependentn thesecases.This is likely causedoy
upstreangueueingattheseinterfaces.For otherinterfaces s =
0 providesa goodfit, sothemodelis anFSD,andthet; tendto
independent.

For p;, 8 shavs no consistenthange sothe autocorrelation
of thereforethe LRD of the p} shovs no consistenthangewith
¢; The coeficient of variation at all interfacesdeclinesquite
closeto therate 1/4/c predictedby the overprovision theory
Theunchangind.RD andthe declineof the coeficient of vari-
ation occur, surprisingly evenat theinterfaceswith substantial
gueueing.However, the countinterval lengthis 100 ms, andit
is possiblethatfor smallerintervalsanalterationwould occur

V. t;j VS. p;

Theory empiricalstudy andsimulationstudyshowv LRD dis-
sipatesfor the inter-arrival times ¢; but doesnot changefor

the arrival countsp; in fixed-lengthintervals of time. The ap-
pearances a contradiction. This is a casewherethe formal
mathematicg/ields an unequvocal proof, but wherewe need
an heuristicagumentfor betterunderstandingWe will do this
usingtheover-provisiontheory
First, wefix theinterval length/ usedfor the definitionof p;.

Insteadof consideringp;, we studyp; /¢, justa changeof units,
which arenow pacletspersecor p/s. Considerthe process

b —
tg. ) = b (apj1 — a(bj+1-b))s

forj =1,2,... . Thesearetheinterarrival timesperpaclet of
blocksof b pacletsin unitsof s/p. To relatethet§b) to p; /¢, we

needo malethebtg.b) varyaroundheinterval lengthf. Suppose
therearem traffic sourcesgachwith a meaninter-arrival time
1, thataremultiplexedto form the link traffic. Thenthe mean
of t; is u/m, andthe meanof of bt(*) is bu/m. Thuswe take
b = mf/u. This meansh increasewith the magnitudeof the

multiplexing. We couldtake 1/t§.b) , with unitsp/s,to beanother
measureof pacletsper secondand considerits propertiesasa
surrogatefor p;/¢ to resole our contradiction. But the math

would betoo hard. Insteadwe take t*) itself asthe surrogate.
Our surrogatehasa very simpledependencenthet;:

v=bj+1—b

0 =p1 3 ¢,

v=bj

Theoperationof goingfrom¢; to tg.b) is alow-pasdinearfilter-
ing of ¢; followed by taking every b-th value. As m increases,
sodoesb, andthe frequeny bandthatis passedjetscloserand
closerto 0. But aswe have seent; hasanLRD componenthat
affectsthe power spectrunovera bandcloserandcloserto zero
asm increases.The decreasingpassbandof the operationin-
creasinglyfilters out moreof the noiseprocessy/dn,,, thanthe
LRD component/(1 — 8s,,, andeffectively booststhe smaller

LRD componenfor tg.”) for alargerm backto whereit wasfor
asmallervalueof m.

VI. OUTCOMES

Recentandcurrentwork is shaving, asonewould expect,that
theseresultshave importantimplicationsfor traffic engineering.
If we fix a buffer sizeandfix anamounttraffic asmeasuredy
the connectionload ¢, thenthelink speedneededo achieve a
fixed QoS criterion, suchas 0.5% paclet loss, resultsin a uti-
lization thatincreaseglramaticallywith ¢. In otherwords, uti-
lizations canincreasedramaticallyfrom the edgesto the core.
More broadly the resultsshav thatengineeringstudiesthatare
meantto applyto thelnternetasa whole,andthatusesynthetic
or live paclet traffic to assesgperformanceneedto consider
paclettracesvaryingacrossa wide rangeof magnitude®f sta-
tistical multiplexing in orderto achiese generality



