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I . INTRODUCTION

This note describesrecent results on the effect of sta-
tistical multiplexing on the long-range dependence(LRD)
of Internet packet traffic. Details and bibliographies
may be found in a series of papers at http://cm.bell-
labs.com/stat/InternetTraffic/webpapers.html.

Let ��� , for ���	��
��

������ be the arrival timesof packetson
an Internetlink, let � � ��� ������� � � be the inter-arrival times,
andlet ��� be the packet sizes.Supposewe divide time up into
equal-length,consecutive intervals. Let ��� bethepacket counts
in interval � . The ��� and ��� arestudiedastime seriesin � , and
the � � asa timeseriesin � .

Thepacket traffic on a link is theresultof thestatisticalmul-
tiplexing of packetsfrom differentactive connections.Let  be
themeannumberof active connectionsover aninterval of time
duringwhich link usageis stationary.  servesasa measureof
themagnitudeof statisticalmultiplexing over theinterval. This
noteaddressesthe effect of an increasing on the LRD of the
threetraffic variables��� , ��� , and��� .

Resultsarebasedon thefollowing: (1) themathematicalthe-
ory of markedpointprocesses;(2) empiricalstudyof livepacket
tracesfrom 15interfaceswhose5-minaveragetraffic ratesrange
from about2 kbpsto 250mbps;(3) empiricalstudyof synthetic
packet tracesfrom network simulationwith NS; (4) simplesta-
tistical models,FSD modelsand FSD-MA(1) models,for the
traffic variables.

I I . THEORY

Theory is easy and convincing for a link on an over-
provisionednetwork where  is never sobig that thereis more
thanminor queueing.As  increases,�!� tendstoward a Pois-
sonprocess,so ��� tendstoward independence.As  increases,� � also tendstoward independence.We usethe word toward
because� � and � � eachalwayshasanLRD component,but the
contribution of the componentto thevariability of the time se-
riesgetslessandless.

Thecorrelationstructureof �"� , however, doesnot change,so
LRD is preservedin thecounts.(Thismightseemlike acontra-
dictionto theresultsfor ��� ; laterwedescribehow thetwo results
fit together.) Thecoefficientof variation(standarddeviation di-
vided by the mean)of �"� goesto zerolike �$#�%  . This means
that the excursionsof � � above or below the mean,which last
for long periodsof time becauseof the LRD, get smallerand
smallerin magnituderelative to the mean. While the LRD of
the ��� is unchangingin thesensethat theautocorrelationis un-
changing,eventuallythe LRD ceasesto be salientbecausethe
variability of the � � getssmall.

The over-provision theoryappliesto a link for the rangeof
valuesof  that are small enoughthat queueingat the input
routerandnearbyupstreamdevicesis notsubstantial.Upstream

queueingof a sufficiently large magnitudeinvalidatesthe as-
sumptionsthat lead to the over-provision results. A more so-
phisticatedtheoryto handlethequeueingdoesnot exist. Rough
argumentssuggestthat the LRD of ��� and ��� shouldstill tend
toward independence,that the LRD of the � � is eventuallyal-
tered,andthat the coefficient of variationeventuallystabilizes
to a smallpositiveconstant.But we needto appealto empirical
studyof live traffic from the Internet,andsyntheticlink traffic
from simulations,to resolve theuncertainty.

I I I . FSD AND FSD-MA(1) STATISTICAL MODELS

We found that very simple statistical time seriesmodels,
whichwecall fractionalsumdifference(FSD)modelsandFSD-
MA(1) models,provide anexcellentfit to the ��� , ��� , and ��� for
theliveandsyntheticlink packet traces.

Thefirst stepin themodelingis to transform� � and� � to bring
their marginaldistributionscloserto Gaussian.We transformed
the ��� by sixth rootsandthe ��� by logs. The threetime series,
two transformedandonenot,arethennormalizedby subtracting
thesamplemeananddividing by thesamplestandarddeviation.
Let ��&� , ��&� , and�'&� denotethenormalizedtimeseries.(Wecarried
outouranalyseswithoutthetransformation,andtheresultswere
similar, but thetransformationputsthestatisticalmodelingona
morerigorousbasis.)

Let (*) beanFSDtimeseries,normalizedto havemean0 and
variance1. Then

(+),� % � �.-0/ )�1 % -32 )�

where / ) and 2 ) areindependentof oneanotherandeachhas
mean0 andvariance1. 2 ) iswhitenoise,thatis,anuncorrelated
timeseries./ ) is a fractionalARIMA model

465 �87,9�:*/ ),�<;�)�1=;�)�> �
where 7,/ ) � / )?> � , @.ACBDAC@E�GF , and ; ) is white noisewith
mean0 anda varianceH'IJ � 4K4 � � B 9ML I 4 � � B 9�9 # 4 � L 4 � � �!B 9K9
to make thevarianceof / ) equalto 1.

Let N*O 46P 9 and N*Q 46P 9 betheautocorrelationfunctionsof of / )
and ( ) respectively for lags

P �C@R
��?
S�

������ . / ) hasLRD, andN O 46P 9 falls off like
P I : > � andincreasesat all positive lagsas B

increases.Theautocorrelationfunctionof (+) is

N Q 4�P 9 � 4 � �.-?9 N O 46P 9 �
Thus ( ) , whosevarianceis 1, is thesumof thecorrelatedcom-
ponent% � �T-U/ ) , whosevarianceis � �V- , andtheuncorrelated
component% -!2 ) , whosevarianceis - . The dependencede-
creasesas - increasestoward1; if � �D- decreasesby a certain
factor, thenall N�Q 46P 9 for

P8W @ decreaseby the factor. Finally,
when - �X� , (+) is white noise.
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Thepowerspectrumof ( ) is

� Q 46Y 9 � 4 � �.-?9 H IJ[Z]\_^?` I
4bacY 9d

Z]`Kegf I
4bacY 9Kh : 1 -

wherethe frequency
Y

hasunits cycles/inter-arrival for ��� , cy-
cles/packet for ��� , andcycles/interval-lengthfor �"� , andwhere@ji Y ik@E�GF . � Q 46Y 9 decreasesmonotonicallyas

Y
increases.� Q 46Y 9 goesto infinity at

Y ��@ like `Kegf > I :
4lacY 9 , so if - Am� ,

nomatterhow close- getsto 1, �"Q 4�Y 9 getsarbitrarily largenearY �n@ , but its ascentbeginscloserandcloserto 0 as- getscloser
to 1.

TheFSD-MA(1)modelis

(+),� % � �.-0/ )�1 % -32 )�

similar to theFSDmodel,but where 2 ) insteadof white noise
is a first ordermoving-average

2 ),�<o�)p1rq�o�)?> � 

whereo ) is Gaussianwhitenoisewith mean0 andvariance

4 ��1qcI 9 > � , which makesthe varianceof 2 ) equalto 1. If qs�t@ ,
the moving-averagecomponentis white noiseso the model is
simply anFSD.

IV. EMPIRICAL AND SIMULATION STUDY

For the live andsyntheticpacket traces,theFSDmodelpro-
videsan excellentfit to ��&� and �'&� , andthe FSD-MA(1) to the��&� . Valuesof  have a rangeof 20–8200connectionsfor the
live tracesand1–215connectionsfor thesynthetictraces.The� &� and � &� for very small  canhave effectsnot capturedby the
modeling,but even herethe modelsserve as an excellentap-
proximationfor studyingLRD. We found thata B of about0.4
providesanexcellentfit for all threetraffic variablesandfor all . Estimatesof - are lessthan1 for all threetraffic variables.
In otherwords,thereareelementsof LRD in all variablesat all
rates.

As thetracevalueof  increases,- tendsto 1 for ��&� and ��&� . so
thereis aclearreductionin LRD. Thismeansthe ��&� tendtoward
independence.For ��&� from someinterfaces,the FSD-MA(1)
often hasa q significantlygreaterthanzero,so the ��&� tend to
short-rangedependentin thesecases.This is likely causedby
upstreamqueueingat theseinterfaces.For otherinterfaces,qT�@ providesa goodfit, sothemodelis anFSD,andthe ��&� tendto
independent.

For �'&� , - shows no consistentchange,so theautocorrelation
of thereforetheLRD of the �u&� showsnoconsistentchangewith ; The coefficient of variation at all interfacesdeclinesquite
closeto the rate �$#�%  predictedby the over-provision theory.
TheunchangingLRD andthedeclineof thecoefficient of vari-
ationoccur, surprisingly, evenat the interfaceswith substantial
queueing.However, thecountinterval lengthis 100ms,andit
is possiblethatfor smallerintervalsanalterationwould occur.

V. � � VS. � �
Theory, empiricalstudy, andsimulationstudyshow LRD dis-

sipatesfor the inter-arrival times � � but doesnot changefor

the arrival counts��� in fixed-lengthintervals of time. The ap-
pearanceis a contradiction. This is a casewherethe formal
mathematicsyields an unequivocal proof, but wherewe need
anheuristicargumentfor betterunderstanding.We will do this
usingtheover-provisiontheory.

First,wefix theinterval length v usedfor thedefinitionof � � .
Insteadof considering� � , we study � � #*v , just a changeof units,
which arenow packetspersecor p/s.Considertheprocess

��wgx�y� �{z > � 4 � x �����|� � wgx ����� > x�y 9 

for �,�X��
S�E
������|� Thesearetheinter-arrival timesperpacketof
blocksof b packetsin unitsof s/p. To relatethe ��wgx�y� to � � #+v , we

needto makethe z�� wgx�y� varyaroundtheinterval lengthv . Suppose
thereare } traffic sources,eachwith a meaninter-arrival time~ , thataremultiplexedto form the link traffic. Thenthe mean
of � � is ~ #$} , andthe meanof of z�� wgx�y is z ~ #$} . Thuswe takez��k}�v*# ~ . This meansz increaseswith the magnitudeof the
multiplexing. Wecouldtake �+#+��w�x6y� , with unitsp/s,to beanother
measureof packetsper secondandconsiderits propertiesasa
surrogatefor �"��#+v to resolve our contradiction. But the math

wouldbetoohard.Insteadwe take � wgx�y� itself asthesurrogate.
Our surrogatehasaverysimpledependenceon the ��� :

� wgx�y� ��z > �u��� x
����� > x�
��� x �

� � �

Theoperationof goingfrom � � to ��w�x6y� is a low-passlinearfilter-
ing of � � followedby takingevery z -th value. As } increases,
sodoesz , andthefrequency bandthatis passedgetscloserand
closerto 0. But aswehaveseen,��� hasanLRD componentthat
affectsthepowerspectrumoverabandcloserandcloserto zero
as } increases.The decreasingpassbandof the operationin-
creasinglyfilters out moreof thenoiseprocess,% -!2 ) , thanthe
LRD component� 4 � �.-�/ ) , andeffectively booststhesmaller

LRD componentfor � wgx�y� for a larger } backto whereit wasfor
a smallervalueof } .

VI . OUTCOMES

Recentandcurrentwork isshowing,asonewouldexpect,that
theseresultshaveimportantimplicationsfor traffic engineering.
If we fix a buffer sizeandfix anamounttraffic asmeasuredby
the connectionload  , thenthe link speedneededto achieve a
fixed QoScriterion, suchas0.5%packet loss,resultsin a uti-
lization that increasesdramaticallywith  . In otherwords,uti-
lizationscanincreasedramaticallyfrom the edgesto the core.
More broadly, theresultsshow thatengineeringstudiesthatare
meantto applyto theInternetasa whole,andthatusesynthetic
or live packet traffic to assessperformance,needto consider
packet tracesvaryingacrossa wide rangeof magnitudesof sta-
tisticalmultiplexing in orderto achievegenerality.


