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Abstract

We show that there is no log
1
3 � " M approximation for the undirected Edge-Disjoint Paths

problem unlessN P � Z PTI M E(npolylog (n ) ), where M is the size of the graph and " is any
positive constant. This hardnessresult also applies to the undirected All-or-Nothing Multicom-
modit y Flow problem and the undirected Node-Disjoint Paths problem.

1 In tro duction

Consider an undirected graph G and a set f (si ; t i )g of source-sinkpairs. In the undirected Edge-
Disjoint Paths problem (EDP) we wish to connect as many of these pairs as possibleusing edge-
disjoint paths. EDP is generally regardedas one of the \classic" NP-hard problems. Past work on
EDP and the more generalUnsplittable Flow1 (USF) problem includes [2, 3, 4, 6, 9, 10, 11, 12, 13,
14, 15, 16, 17, 18, 19, 21].

Supposethat G has N nodes and M edges. The best known approximation ratio for EDP is
O(min( N 2=3; M 1=2)) [11, 21, 17, 4, 23]. In [10], Guruswami et al. presented an almost matching
lower bound for directed graphs. They showed that there is no M

1
2 � " approximation algorithm for

any " > 0 unlessP = N P.
In this paper we show a hardnessresult for the undirected problem. In particular we show that

there is no log
1
3 � " M -approximation for EDP unlessN P � Z PTI M E(npolylog( n) ).2 Our reduction

is via a reduction from Maximum-Independent-Set (MIS) on bounded degreegraphs [22] and is
motivated by the result of Guruswami et al. [10] that Bounded-LengthEDP is hard to approximate
to within M

1
2 � " for any " > 0. This is a version of EDP in which all paths are restricted to be of

length at most L , for someparameter L that is given as input. At a high level, our construction
involvesembedding multiple copiesof the instanceof [10] into a graph that \almost" hashigh girth.

1 In the USF problem each source-sink pair has a demand di and a pro�t pi and each edge has a capacity. If we
route all the demand di on a single path then we gain the pro�t pi . The aim is to maximize the pro�t gained while
respecting the edge capacities. In the casethat the demands, pro�ts and capacities are all 1, USF reduces to EDP.
Since in this paper we are concernedwith hardnessresults, all our results will apply directly to USF as well as EDP.

2Recall that Z PT I M E (npolylog ( n ) ) is the set of languagesthat have randomized algorithms that always give the
correct answer and have expected running time npolylog ( n ) .
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Outline. Weproveour hardnessresult via a reduction from Maximum-Independent-Set in bounded-
degreegraphs. In [22], Trevisanshowed that for �xed �, there is no poly-nomial-time � =2O(

p
log �) -

approximation for MIS on graphs of boundeddegree� unlessP = N P. Unfortunately, we cannot
apply Trevisan's result directly since we need the degreebound � to grow with the size of the
graph. We therefore use the following theorem. The proof is almost identical to Trevisan's proof
and so we defer it to the Appendix.

Theorem 1 Let f (�) be a polylogarithmic function. For any constant � > 0 there is a randomized
j j �(log log j j) time reduction from a 3CNF formula  to a graph F with n = j j �(log log j j) nodes
and maximum degree at most � = f (n) such that for two parameters Z 1 and Z2 � Z1=� 1� � :

� If the  is satis�able then F has an independent set of size Z1.

� If  is not satis�able then with probability 1 � 1=poly(j j) the maximum independent set in
F has size at most Z2.

This result immediately implies that MIS in n-node graphsof bounded-degree� = f (n) is hard to
approximate to within a factor of � 1� � unlessN P � Z PTI M E(n �(log log n) ).

In the remainder of the paper we show how this implies that EDP is hard to approximate in
undirected graphs. In Sections2.1 and 2.2 we show how to translate an instance F of MIS into a
randomized instance H of EDP for which we are able to show our hardnessresult. This instance
has two important features. First, for each demand there is a special short path that we call the
canonical path for the demand. Second,with high probabilit y H is almost a high-girth graph and so
for most demands,any non-canonicalpath for the demand is much longer than the canonicalpath.
Therefore, it is impossibleto route many demandson non-canonicalpaths. The idea of high-girth
graph resembles that in [1] in which polylogarithmic lower bounds are shown for the buy-at-bulk
problem.

In Section3 we present an algorithm that takesa solution to the EDP problem in H and maps
it back into an independent set in F . We then analyze how the size of the MIS solution relates
to the size of the EDP solution. For this purpose, in Section 3.2 we count how many demands
can be routed on edge-disjoint non-canonical paths. As mentioned above, this number is small.
In Section 3.3 we count how many demandscan be routed on edge-disjoint canonical paths. This
number dependson the sizeof the maximum independent set in F . We tie all the analysistogether
in Section4. In Section5 we show how our analysiscan be extendedto give hardnessresults for the
undirected All-or-Nothing Multicommo dit y Flow problem and the undirected Node-Disjoint Paths
problem.

2 Construction

2.1 Construction of basic instance

Consider an n-node graph F of degree�. We convert it into a basic instance G of EDP as follows.
We do not de�ne G using the convention of specifying its node set and edgeset. Instead, we specify
the set of paths that G supports.

For each edgeij in F we createa path segment Sij in G, which consistsof c = polylog(n) edges
eij;k , 0 � k < c. (The exact value of c will be given later.) Two adjacent edgeseij;k and eij;k +1 in
the segment are connectedby two disjoint paths; one via an auxiliary node for i and the other via
an auxiliary node for j . (SeeFigure 2, Left.) Oncewe have createdthesesegments in G we createa
canonical path Pi in G for every node i in F . The path Pi strings together segments Sij 0 , Sij 1 ; : : : in
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Figure 1: Graph F , � = 2.

an arbitrary order, where j 0; j 1; : : : are the (at most �) neighbors of i in F . Within each segment,
Pi follows the auxiliary nodesfor i . We add a path of length 2 to connect the end of segment Sij k

and the beginning of segment Sij k +1 . We also attach a sourcenode si to the beginning of the �rst
segment and attach a destination node t i to the end of the last segment. Our edge-disjoint paths
problem has terminal pairs (si ; t i ) for all i . (SeeFigure 2, Right.) The canonical paths have the
following two key properties:

� G-1: Path Pi has length at most ` = 3c�.

� G-2: Path Pi is disjoint from path Pj if and only if i is not a neighbor of j in F .

2.2 Construction of expanded instance

We now create an expandedinstance H for which we can show that EDP is hard to approximate.
The graph H is created randomly and is simple to describe. For each node v in G we create
X = O(npolylog( n) ) nodes vx , 0 � x < X . If v and v0 are non-adjacent then there are no edges
betweenvx and v0

x0 for any x; x0. If v and v0 are adjacent then we placea random matching between
the set of nodesvx and the set of nodesv0

x0. Therefore, there are X edgesin H that correspond to
every edgein G. The �rst important property of this construction is:

� H-1: For any path u; v; w; : : : in G, there are X paths of the form ux ; vx0; wx00; : : : in H that
are both node disjoint and edgedisjoint.

The above property means that there are X paths corresponding to the canonical path Pi . We
use Pi;x to denote the canonical path corresponding to Pi that starts at node si;x . If t i;x 0 is the
endpoint of this canonicalpath then we let (si;x ; t i;x 0) be a terminal pair in our new EDP instance.

We now considera canonical path Pi;x corresponding to node i in F and a canonical path Pj;y

corresponding to a neighbor j of i in F . We say that path Pi;x meets path Pj;y at level k if and
only if they both passthrough the sameedgein H that corresponds to edgeeij;k in G. We have
two important properties with respect to two neighboring nodesi and j in F .

� H-2: For each path Pi;x there exists exactly one y such that path Pi;x meetsPj;y at level k,
i.e. the relationship \meets at level k" inducesa matching betweenthe X canonicalpaths for
node i and the X canonical paths for node j .

� H-3: The event that two paths meet at level k is independent of the event that they meet at
level k0 6= k. Hencethe matchings induced between paths at level k are independent of the
matchings induced betweenpaths at level k0 6= k.

Lemma 2 The sizeof the EDP instance on H is quasipolynomial, i.e. O(npolylog( n) ). In particular
the number of edgesM is at most X n` and the number of terminal pairs is equal to nX .
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Figure 2: Graph G constructed from F in Figure 1, c = 2. (Top) Two segments Sij and Sik .
(Bottom) Creation of canonical paths from the segments.

3 From EDP to MIS

Supposethat the solution to our EDP instance H has sizeY . We proposethe following algorithm
which we call EDP2MIS to construct an independent set S for F . We partition the Y edge
disjoint paths into two pieces,the set of terminals that are routed on canonical paths and the set
of terminals that are routed on non-canonicalpaths. For parameter A de�ned in (5), if node i in F
corresponds to more than A canonicalpaths chosenby the EDP solution instance, then we include
i in S. We show later that the set S produced by EDP2MIS is indeed an independent set with
high probabilit y.

EDP2MIS allows us to relate the size of the MIS solution to the size of the EDP solution.
Sincefor every node that is included in S at most X canonical paths can be included in the EDP
solution, and for every node not included in S at most A canonical paths can be included in the
solution, we have

Y � X jSj + (n � jSj)A + Nnc ; (1)

where Nnc is the number of demandsrouted along non-canonical paths. We dedicate the rest of
this section to proving the following.
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Figure 3: Graph H constructed from G in Figure 2, X = 2.

Theorem 3

1. With probability 2=3, in any solution to our EDP instance the number of demandsthat are
routed along non-canonical paths is at most X + X n`=(g � `).

2. With a high probability, EDP2MIS �nds an independent set S.

3.1 Overview and Parameter De�nitions

Due to the randomnessin the construction of H , we �rst show in Section3.2 that not many terminal
pairs can be routed along non-canonicalpaths. Recall that the girth of a graph is the length of its
smallest cycle. In a random graph such as H, not many cycles have small (i.e. polylogarithmic)
size. We introduce a girth-related parameter g, and de�ne X to be exponential in g. (This in turn
implies that the sizeof H is exponential in in g.) We then show that the number of demandsthat
are routed on short non-canonical paths is small since any short non-canonical path will form a
short cycle with the corresponding canonical path. In addition, the number of demandsthat are
routed on long non-canonical paths is small since any long non-canonical path will make use of
many edgesin H . We therefore show that Nnc is small.

We then focuson the demandsthat are routed on canonicalpaths in Section3.3. In the extreme
caseof A = X , if we include i and j in the set S then i and j cannot be neighbors in F . This is
because,as stated in property H-2, every canonical path of i meetswith somecanonical path of j
at every level of H , and therefore any EDP solution cannot include all X canonical paths of i and
X canonical paths of j . Under our choice of A which is a logarithmic fraction of X , we show that
for a �xed set of A canonical paths of i and a �xed set of A canonical paths of j , the probabilit y p
that none of these paths meet is small. Recall that in our construction we created c levels in the
graphs. This meansthat if two neighboring i and j are included in S, their canonical paths must
not meet at each of the c levels. By the independenceproperty H-3 this happenswith probabilit y
pc. We then apply a union bound to show that for any set of A canonicalpaths of i and any set of
A canonical paths of j , the probabilit y p that none of these2A paths meet is small.

Wenow discussour parameterchoices.The relationship amongthe parametersis fairly intricate.
However, we attempt to give a high level idea of our choiceshere. We needX to be quasipolynomial
in n in order to keepthe number of demandsthat can be routed on short non-canonicalpaths small.
For a givenX , whenA is closeto X , the probabilit y p asdiscussedin the previoussectionis desirably
small. However, the bound (1) on the EDP solution Y also gets loose. As we explain at the end of
Section 4, in order to get a logarithmic hardnessof EDP, A needsto be a logarithmic fraction of
X or smaller.

Given A, we use the c repetitions in the graph construction to make sure the probabilit y pc

is su�cien tly small in the canonical path analysis. Meanwhile, although a larger c favors the
probabilistic analysis,c also lower boundsthe girth parameter g we needTheorem 3, item 1 to hold
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and so g > ` = 3� c. SinceX is exponential in g and the sizeof the EDP instance is polynomial in
X , g and therefore c are polylog(n) in order to get a quasipolynomial reduction.

The value of � is constrained in a number of places. We need� to be large sincethe hardness
of the MIS instance depends on �. However, as mentioned above g > 3� c and g is polylog(n).
Hence� cannot be larger that polylog(n). We expand on this discussionin Section 4.

We now de�ne the parametersprecisely.

g = log� n for someconstant � > 0 (2)

X = g(4ng)g+1 (3)


 =
�

3(� + 1)
(4)

A =
X

log
 X
(5)

c = 3
 (log logX ) log
 X (6)

� = minf log
 X � 1;
q

g=(9c)g = �

0

@ log
�
3 n

p
log logn

1

A (7)

3.2 Bounding the number of non-canonical paths

We now show that not many terminals can be routed on a non-canonical path. The key insight
is that by our random construction, H is almost a high-girth graph. In particular, we use the
following lemma whoseproof is extremely similar to that of the Erd•os-Sachs theorem [7] (which
states that high-girth graphs exist).

Lemma 4 Consider a randomgraph with � nodesand let f e0; e1; : : : ; e� � 1g representa set of � < g
potential edges. If,

Pr [e0 existsje1; : : : ; e� � 1 exist] � �;

for all suchsetsof edgesthen the expected number of cyclesof �xed length g0 � g is at most (� � )g0
.

This implies that with probability 2
3 , the number of cyclesof length lessthan or equal to g is at most

3(� � )g+1 .

Pro of: The total number of potential cycles of length g0 is at most 1
2g0

� !
(� � g0)! . Each such cycle

occurs with probabilit y at most � g0
. Therefore, the expected number of cycles of length g0 is at

most,
� !� g0

2g0(� � g0)!
� (� � )g0

:

This implies that the expected number of cyclesof length lessthan or equal to g is at most,

gX

g0=1

(� � )g0
� (� � )g+1 :

By Markov's inequality, with probabilit y 2
3 the number of cycles of length at most g is at most

3(� � )g+1 . 2

Pro of of Theorem 3, item 1: The number of nodes in the graph H is at most 2X n` . The
probabilit y that a potential edge in H exists equals 1=X since we construct H using matchings

6



of size X . Even if g edgesare �xed in H , the probabilit y that someother edgeexists is at most
1=(X � g). Hencewe can take � = 2X n` and � = 1=(X � g). SinceX is exponentially larger than
g, we can bound � � by 4n` . Therefore by Lemma 4, with probabilit y 2=3, the number of cyclesof
length lessthan or equal to g is at most 3(4n` )g+1 .

It is easy to verify that the graph H has maximum degree3. Therefore, each node is within
distance g of at most 3g other nodes. This implies that with probabilit y 2=3 the number of nodes
that are within distance g of a cycle of length lessthan or equal to g is at most g � 3g � 3(4n` )g+1 ,
which equals

g(12n` )g+1 :

We are now ready to count the demandsthat are routed on non-canonical paths. Consider a
demandwith sourcenode si;x that has canonicalpath Pi;x but which is routed on a path Q 6= Pi;x .
Since Pi;x and Q are two nonidentical paths between the samepair of nodes, it is clear that the
union of Pi;x and Q must contain a cycle. There are two casesto consider.

� Case 1. Node si;x is within distance g of a cycle of length lessthan or equal to g.

� Case 2. Node si;x is not within distance g of a cycle of length lessthan or equal to g. Note
that the union of Pi;x and Q must contain more than g edges;otherwise si;x would be within
distance g from a cycle of length lessthan or equal to g.

By our previousanalysis,with probabilit y 2=3, Case1 can be true for at most g(12n` ) g+1 source
nodes. Since` = 3c� by de�nition and 9c� � g due to (7), we have g(12n` )g+1 � g(4ng)g+1 which
equalsX by de�nition (3). If Case2 holds then sincePi;x has length at most `, path Q must have
length at least g � `. Sincethe graph H has at most X n` edges,the number of edge-disjoint paths
of length at least g � ` is at most X n`=(g � `). Theorem 3, item 1 follows. 2

3.3 Pro ving that S is an indep endent set with high probabilit y

Let Ci be the set of canonical paths corresponding to node i in F . For two nodesi and j that are
neighbors in F let I be a subsetof Ci of sizeA and let J be a subsetof Cj of sizeA. Recall that
the relationship \meets at level k" induces a matching between Ci and Cj . If A is large enough
we would expect somepath in I would meet a path in J at level k. More formally, we say that a
bad event B (i; j; I ; J; k) occurs if and only if there do not exist paths in I and J that meet at level
k. We now analyze the probabilit y of event B (i; j; I ; J; k) (where the probabilit y is with respect to
the random construction of the graph H).

Lemma 5
Pr [B (i; j; I ; J; k) occurs] � e� A 2

X :

Pro of: The number of matchings between Ci and Cj at level k is X !. The number of matchings
for which no path in I meetsa path in J is equal to (X � A)(X � A � 1) : : : (X � 2A + 1)(X � A)!.
Hence,

Pr [B (i; j; I ; J; k) occurs]

=
(X � A)(X � A � 1) : : : (X � 2A + 1)

X (X � 1) : : : (X � A + 1)

�
�

X � A
X

� A
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=
�

1 �
A
X

� X
A

A 2

X

� e� A 2

X :

2

Let B (i; j; I ; J ) be the bad event that B (i; j; I ; J; k) occurs at all levels k. By property H-3, the
event that two paths meet at level k is independent of the event that they meet at level k 0 6= k.
We immediately have,

Pr [B (i; j; I ; J ) occurs] � e� cA 2

X :

Let B (i; j ) be the bad event that there exist sets I and J of size A such that B (i; j; I ; J ) occurs.

There are
� X

A

� 2
choicesfor the sets I and J . Therefore,

Pr [B (i; j ) occurs] �

 
X
A

! 2

e� cA 2

X

�
�

eX
A

� 2A

e� cA 2

X

= e2A(log X +1 � log A)� cA 2

X :

Finally, let B be the bad event that B (i; j ) happensfor somepair of neighboring nodes(i; j ). By
a union bound,

Pr [B occurs] � n2e2A(log X +1 � log A)� cA 2

X :

By the de�nitions of A in (5) and c in (6) we can rewrite the above probabilit y bound by

Pr [B occurs] � n2 � e� 
 X log log X � 2X
log 
 X :

By the de�nition of X in (3), 
 X log log X � 2X
log
 X is ! (log n). Hence,

Lemma 6 For the parameters chosenin (2)-(7), the bad event B does not happen with probability
1 � 1=poly(n).

Recall our algorithm, EDP2MIS described in Section 3, for �nding an independent set for F
from a set of edge-disjoint paths in H . We �rst verify that the set S de�ned by EDP2MIS is
indeed an independent set of F with high probabilit y. If nodes i and j are neighbors in F , the
probabilistic analysis in the previous section states with high probabilit y, any set of A paths in C i

and any set of A paths in Cj will intersect at somelevel k in the graph H. Therefore, it is unlikely
that both i and j have at least A paths in a solution to the EDP instance on H. As a result, it is
unlikely that both i and j belongto the set S. Therefore, Lemma 6 is a restatement of Theorem 3,
item 2.

4 From EDP to 3SAT

Finally, we de�ne an algorithm for satis�abilit y, which we call EDP2SA T , as follows. Given a
3CNF formula  , we �rst usethe reduction from Theorem 1 to create an instance of MIS, namely
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F , with polylogarithmic node degree�, as de�ned in (7). We then usethe construction described
in Sections2.1 and 2.2 to createan instanceof EDP, namely H . Supposethat the optimal solution
to the EDP instance is Yopt and we have a � -approximation algorithm that producesa solution of
sizeY . From Y, the algorithm EDP2MIS de�nes a set S.

� We declare  unsatis�able if S is an independent set and Y < X Z 1=� , where Z1 was one of
the parametersde�ned in Theorem 1 and X is de�ned in (3).

� We declare satis�able otherwise, i.e. if S is an independent set and Y � X Z 1=� , or if S is
not an independent set.

Theorem 7 For any constant � > 0, there is no � 1� � =3 approximation for EDP unless N P �
Z PTI M E(npolylog( n) ).

Pro of: Supposethere is a � approximation for EDP where � < � 1� � =3, and this approximation
algorithm �nds Y edge-disjoint paths in H . If the 3CNF formula  is satis�able, then F has an
independent set of size at least Z1 by Theorem 1. Since the canonical paths corresponding to
this independent set are edgedisjoint by property H-1, we have Yopt � Z1X . A � -approximation
algorithm for EDP guaranteesY � Yopt=� � Z1X=� . Hencewe always declare to be satis�able.

If  is unsatis�able, then by Theorem 1 the graph F has an independent set of sizemore than
Z2 with probabilit y at most 1=poly(j j). Therefore by Theorem 3, with probabilit y more than 1=2
the following two events both occur:

� S is an independent set with sizeat most Z2.

� At most X + X n`=(g� `) demandsare routed along non-canonicalpaths in the EDP solution.

Now suppose is unsatis�able and the above two events both occur. We now show that we always
declare to be unsatis�able. From (1) we have,

Y � X jSj + (n � jSj)A + X + X n`=(g � `)

� (X � A)Z2 + nA + X (1 + n`=(g � `))

= X Z2(1 � log� 
 X ) + X log� 
 X n

+ X (1 + n`=(g � `)) : (8)

The secondinequality follows from the fact that jSj � Z2 and the equality follows from the de�nition
of A in (5). We proceed to show that every term in the above is at most X Z 2. One simple
algorithm for �nding an independent set for a graph with degree� is to iterativ ely choose any
remaining node and eliminate all its neighbors. This algorithm guarantees an independent set
of size at least n=(� + 1). Hence, Z2 � n=(� + 1). In addition, � � log
 X -1 due to (7).
We therefore have Z2 � n log� 
 X . Since � �

p
g=(9c) due to (7) and ` = 3� c, we also have

Z2 � n
�+1 � 1 + n

3� � 1 = 1 + 3n� c
9� 2c� 3� c � 1 + n`

g� ` . Therefore,

Y < 3X Z2 �
3X Z1

� 1� � <
X Z1

�
:

Hencewe declare to be unsatis�able.
Note that the size of H is npolylog( n) = j jpolylog (j j) . If � < � 1� � =3, we have described a

coRTI M E(npolylog (n) ) procedure3 that solves3SAT. By a standard result, if N P � coRTI M E(npolylog (n) )

3When we write complexity classessuch ascoRT I M E (npolylog ( n ) ), n simply denotesa parameter. It is not meant
to refer to the number of nodes in F .
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then N P � Z PTI M E(npolylog( n) ). Therefore, unless N P � Z PTI M E(npolylog( n) ) there is no
� 1� � =3-approximation for EDP. 2

Finally, let us express� 1� � =3 in terms of M , where M � X n` is the number of edgesin H .
Since g = log� n, we have logX = �(log � +1 n) and logM = O(log� +1 n). Since 
 = �

3(� +1) , the

de�nition of � implies � = minf log
 X � 1;
p

g=(9c)g = 
(log
�
3 n=

p
log logn). Hence, � 1� � =



�
(log n)

�
3 � 2��

3

�
, which is 


�
(log M )

�
3( � +1) � 2��

3( � +1)

�
. By choosing � large and � small we have,

Theorem 8 For any constant " > 0, there is no O(log
1
3 � " M ) approximation algorithm for the

undirected Edge-Disjoint Paths problem unlessN P � Z PTI M E(npolylog( n) ).

Now that we have completedour proof let us look at the parameter choicesagain, in particular
how � and A are chosen. We require � � X

A � 1 when upper bounding the secondterm of (8).
We also require � �

p
g=(9c) when upper bounding the third term of (8). Sinceg is polylog(X ),

� can be at most polylog(X ). Since the inapproximabilit y of EDP is � �(1) , a larger � is better.
Therefore we chooseA and � so that both X

A and � are polylog(X ).

5 Related problems

In this section we discussthe extent to which our result applies to other routing problems.

5.1 All-or-Nothing Multicommo dit y Flo w

All-or-nothing multicommodity 
ow is a relaxation of EDP in which each demand is allowed to
be routed on fractional paths subject to the constraint that the total demand routed through an
edge is at most 1. The objective is to maximize the number of demands for which the entire
demand is routed. Our hardnessresult is easy to adapt to this relaxed problem. Recall that for
the algorithm EDP2MIS we partition the routed demandsaccording to whether or not they were
routed on canonicalpaths. For the All-or-Nothing problem we partition the demandsaccording to
whether or not strictly more than half of the demand is routed along the canonical path. Clearly,
if two demandshave strictly more than half of their demand routed along their canonical paths
then these paths are edge-disjoint. Therefore, if  is not satis�able our analysis in Section 3.3
immediately implies that with high probabilit y there are at most X Z 2 + (n � Z2)A demandsof this
type. Moreover, the analysis of Section 3.2 implies that with high probabilit y, the total amount
of demand that can be routed along non-canonicalpaths is at most X + X n`=(g � `), even if this
demand is routed fractionally. Therefore, the total number of demandsfor which at least half the
demandis routed along non-canonicalpaths is at most 2(X + X n`=(g� `)). It is now easyto adapt
the arguments of Section 4 to obtain,

Theorem 9 For any constant " > 0, there is no O(log
1
3 � " M ) approximation algorithm for All-or-

Nothing Multicommodity Flow unlessN P � Z PTI M E(npolylog( n) ).

We remark that Chekuri et al. presented a polylogarithmic approximation for this problem in [5].

5.2 No de-Disjoin t Paths

In the undirected Node-Disjoint Paths (NDP) problem we wish to route as many demands as
possibleon node-disjoint paths. Our reduction for EDP appliesdirectly to NDP. Note that any set
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of node-disjoint paths is also edge-disjoint. Therefore, for any node-disjoint solution in H , we can
apply the algorithm EDP2SAT to determine if the 3CNF formula  is satis�able. If  is satis�able
then there are Z1X demands that can be routed on canonical paths. It is easy to see that in
our construction thesecanonical paths are node-disjoint as well as being edge-disjoint. If  is not
satis�able then the maximum number of demandsthat can be routed using node-disjoint paths is
no bigger than the maximum number of demands that can be routed using edge-disjoint paths.
Therefore, our analysis shows,

Theorem 10 For any constant " > 0, there is no O(log
1
3 � " M ) approximation algorithm for the

undirected Node-Disjoint Paths problem unlessN P � Z PTI M E(npolylog( n) ).

Ac knowledgemen ts

The authors wish to thank Chandra Chekuri and Bruce Shepherdfor many helpful comments and
for suggestingthat we look at the problems discussedin Section 5. The authors are also grateful
to Luca Trevisan and Salil Vadhan for helping us to better understand the analysis in [22]. Lastly,
the authors are grateful to an anonymous STOC refereefor their insightful report.

References

[1] M. Andrews. Hardness of buy-at-bulk network design. In Proceedings of the 45th Annual
Symposium on Foundations of Computer Science, pages115{ 124,Rome, Italy , October 2004.

[2] Y. Aumann and Y. Rabani. Improved boundsfor all optical routing. In Proceedings of the 6th
Annual ACM-SIAM Symposium on Discrete Algorithms, pages567 { 576, 1995.

[3] A. Baveja and A. Srinivasan. Approximation algorithms for disjoint paths and related routing
and packing problems. Mathematics of Operations Research, 25:255{280,2000.

[4] C. Chekuri and S. Khanna. Edge-disjoint paths revisited. In Proceedings of the 14th Annual
ACM-SIAM Symposium on Discrete Algorithms, 2003.

[5] C. Chekuri, S. Khanna, and F.B. Shepherd.The all-or-nothing multi-commodit y 
o w problem.
In Proceedings of the 36th Annual ACM Symposium on Theory of Computing, 2004.

[6] Y. Dinitz, N. Garg, and M. Goemans. On the single source unsplittable 
o w problem. In
Proceedings of the 39th Annual IEEE Symposium on Foundations of Computer Science, pages
290{299, Palo Alto, CA, November 1998.

[7] P. Erd•os and H. Sachs. Regul•are graphen gegebener Taillenweite mit minimaler Knotenzahl.
Wiss. Z. Uni. Halle-Wittenburg (Math. Nat.) , 12:251{257,1963.

[8] U. Feige, S. Goldwasser, L. Lov�asz, S. Safra, and M. Szegedy. Interactive proofs and the
hardnessof approximating cliques. Journal of the ACM, 43(2):268{292,1996.

[9] N. Garg, V. Vazirani, and M. Yannakakis. Primal-dual approximation algorithms for integral

o w and multicut in trees. Algorithmica, 18:3 { 20, 1997.

11



[10] V. Guruswami, S. Khanna, R. Rajaraman, B. Shepherd,and M. Yannakakis. Near-optimal
hardnessresults and approximation algorithms for edge-disjoint paths and related problems.
In Proceedings of the 31st Annual ACM Symposium of Theory of Computing, pages19{28,
Atlanta, GA, May 1999.

[11] J. Kleinberg. Approximation algorithms for disjoint paths problems. PhD thesis, MIT, Cam-
bridge, MA, May 1996.

[12] J. Kleinberg. Single-sourceunsplittable 
o w. In Proceedings of the 37th Annual Symposium
on Foundations of Computer Science, pages68 { 77, Burlington, VT, October 1996.

[13] J. Kleinberg. Decisionalgorithms for unsplittable 
o w and the half-disjoint paths problem. In
Proceedings of the 30th Annual ACM Symposium on Theory of Computing, pages530 { 539,
Dallas, TX, May 1998.

[14] J. Kleinberg and E. Tardos. Approximations for the disjoint paths problem in high-diameter
planar networks. In Proceedings of the 27th Annual ACM Symposium on Theory of Computing,
pages26 { 35, 1995.

[15] J. Kleinberg and E. Tardos. Disjoint paths in denselyembeddedgraphs. In Proceedings of the
36th Annual Symposium on Foundations of Computer Science, pages52 { 61, 1995.

[16] S. Kolliop oulos and C. Stein. Improved approximation algorithms for unsplittable 
o w prob-
lems. In Proceedings of the 38th Annual Symposium on Foundations of Computer Science,
pages426 { 435, Miami Beach, FL, October 1997.

[17] S. Kolliop oulos and C. Stein. Approximating disjoint-path problems using greedy algorithms
and packet integer programs. In Integer Programming and Combinatorial Optimization, 1998.

[18] T. Leighton and S. Rao. An approximate max-
o w min-cut theorem for uniform multicom-
modit y 
o w problems with applications to approximation algorithms. In Proceedings of the
29th Annual Symposium on Foundations of Computer Science, pages422 { 431, 1988.

[19] B. Ma and L. Wang. On the inapproximabilit y of disjoint paths and minimum steiner forest
with bandwidth constraints. Journal of Computer and SystemSciences, 60:1{12, 2000.

[20] A. Samorodnitsky and L. Trevisan. A PCP characterization of NP with optimal amortized
query complexity. In Proceedings of the 32nd Annual ACM Symposium on Theory of Comput-
ing, 2000.

[21] A. Srinivasan. Improved approximations for edge-disjoint paths, unsplittable 
o w, and related
routing problems. In Proceedings of the 38th Annual Symposium on Foundations of Computer
Science, pages416 { 425, Miami Beach, FL, October 1997.

[22] L. Trevisan. Non-approximabilit y results for optimization problems on bounded degreein-
stances. In Proceedings of the 33rd Annual ACM Symposium of Theory of Computing, 2001.

[23] K. Varadarajan and G. Venkataraman. Graph decomposition and a greedy algorithm for
edge-disjoint paths. In Proceedings of the 15th Annual ACM-SIAM Symposium on Discrete
Algorithms, 2004.

12



A Hardness of Maxim um Indep endent Set on Bounded-Degree
Instances

In this section we prove Theorem 1 which states that the Maximum Independent Set problem is
hard to approximate to within � 1� � in graphs of degree� = f (n) where f (�) is a polylogarithmic
function and � is an arbitrarily small constant. Our proof is a minor extensionof the result in [22]
which shows a similar result for graphs of �xed degree�.

The reduction usesa PCP characterization of NP. We considera veri�er that is given a 3CNF
instance and oracleaccessto an allegedproof P that  is satis�able. After examining  the veri�er
tossesO(log j j) random bits and makesa seriesof queriesinto the oracle proof. On receiving the
answersto thesequeriesthe veri�er decideswhether or not to accept. The completenessof the PCP
is the minimum probabilit y that the veri�er acceptswhen  is satis�able. The soundnessof the
PCP is the maximum probabilit y that the veri�er acceptswhen  is not satis�able. A con�guration
of the PCP is the speci�cation of the random string together with the valuesof the bits of the proof
that are read by the veri�er when using that random string. We make use of the following result
from [20].

Lemma 11 For every � > 0 and every k > 0 there is a PCP characterization of NP with the
following properties:

� The veri�er has completeness1 � � , soundness2� k2
+ � and queries2k + k2 bits.

� For each random string there are 22k satisfying con�gur ations.

� For each random string and for each bit that is read, the number of accepting con�gur ations
where the bit is zero equals the number of accepting con�gur ations where the bit is one.

In the following we let r = O(log j j) be the number of random bits used in the PCP and we set
� = 2� k2

. We use 1
2 as a lower bound on the completeness.

We now consider � independent repetitions of the above PCP. In this case the number of
random bits is �r , the number of bits queried is � (2k + k2), the completenessis reducedto 1

2� and

the soundnessis reducedto 2� � 2� �k 2
.

We now apply the well-known FGLSS [8] reduction to this PCP. This reduction createsa graph
with one node for each acceptingcon�guration. Two vertices are connectedby an edgeif and only
if the con�gurations are inconsistent (i.e. they assigndi�eren t valuesto the samebit in the proof).
In our case,when we apply the FGLSSreduction we obtain a graph F with n = 2� (r +2 k) nodessuch
that if  is satis�able then F has an independent set of size 1

2� � 2�r whereasif  is not satis�able

then F has no independent set of sizegreater than 2� � 2� �k 2
� 2�r .

For each index i in the proof let Oi be the set of vertices in F where index i is queried and
the answer is 1 and let Z i be the set of vertices in F where index i is queried and the answer is 0.
Let n i = jOi j. By the third property of Lemma 11 we also have n i = jZ i j. The graph F contains
a complete bipartite graph between the nodes in Oi and the nodes in Z i . It is easyto seethat F
consistsof precisely the union of thesecomplete bipartite graphs.

We now replaceeach of thesebipartite graphs with a low-degreeexpander. In particular, by a
simple probabilistic argument that is similar to the analysis in Section 3.3 we have,

Lemma 12 Consider a random � -regular bipartite graph with n i nodes in each partition. (Such a
graph can be constructed by taking � random bipartite matchings). We say that this graph is bad
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if there exist sets A, B such jAj � cni , jB j � cni and A and B are not connected by an edge. If
� = 3

c log 1
c then the probability that the graph is bad is at most,

e� n i c(log 1
c � 2) :

We replace every bipartite graph between sets Oi and Z i with a random � -regular graph. Recall
that the number of bits that are queried for each random string is � (2k + k2). Therefore the total
number of bits that could be queried is at most 2�r � (2k + k2). We can also assumewithout loss
of generality that n i � 2�r =2 since if not the veri�er could always toss additional random bits and
then not usethem in its computation.

Lemma 13 The probability that one of the bipartite graphs is bad is at most,

2�r � (2k + k2)e� 2�r =2c(log 1
c � 2):

Suppose now that for all i the bipartite graph between Oi and Z i is good. Note that the
maximum independent set in the newgraph canonly bebigger. Moreover, for each i an independent
seteither contains at most cni nodesfrom Oi or at most cni nodesfrom Z i . Thereforewecanremove
at most

P
i cni nodes from the independent set in the new graph to get an independent set in the

original graph which used complete bipartite graphs. Since each accepting con�guration belongs
to at most � (2k + k2) setsof the form Oi or Z i , we have

P
i cni � c� (2k + k2)n.

We set c = 2� (1� k2+ r )=� (2k+ k2)n. The above argument shows that it is hard to decidewhether
the new graph has an independent set of size 1

2� 2�r or whether all independent setshave size less

than 2� � 2� k2 � � 2�r + c� (2k + k2)n. The latter expressionis at most 2� (2� k2+ r ) . The \gap" between
thesetwo quantities is given by,

H = 2� (k2 � 3) :

Our other important parametersare:

c = 2� (1� k2 � 2k)=� (2k + k2)

� = 3� (2k + k2)2� (k2 +2 k� 1) � (� (k2 + 2k � 1) + log(� (2k + k2)))

n = 2� (r +2 k) :

Since each accepting con�guration involves � (2k + k2) queries the maximum degreein the graph
G is at most � := � (2k + k2)� . For su�cien tly large k and for any � we have,

� � 3� 3(2k + k2)22� (k2+2 k� 1) � (k2 + 2k � 1 + log(� (2k + k2)))

� 4 � 2� � (3(2k + k2)2)2� (k2+2 k� 1) � (� + k2 + 2k � 1 + log(2k + k2))

� 2� 2k2� (k2+2 k� 1)2� 2k

� 2� (k2+6 k� 1):

For any �xed � > 0 we choosek such that k2 � 3 � (1 � � )(k2 + 6k � 1). Now consider an
increasingfunction f (�). If we can choose� such that,

� =
1

k2 + 6k � 1
log(f (2� (r +2 k) )) ; (9)

then,

� � f (n)

H � � 1� � :
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If f (�) is a polylogarithmic function then Equation 9 is satis�ed for � = �(log log j j). For this
choice of � the error probabilit y from Lemma 13 is at most 1=poly(j j) and the number of nodes
in the graph G is n = 2� (r +2 k) = j j �(log log j j) .

Theorem 1 Let f (�) be a polylogarithmic function. For any constant � > 0 there is a ran-
domized j j �(log log j j) time reduction from a 3CNF formula  to a graph F with n = j j �(log log j j)

nodesand maximum degree at most � = f (n) suchthat for two parametersZ 1 and Z2 � Z1=� 1� � :

� If the  is satis�able then F has an independent set of size Z1.

� If  is not satis�able then with probability 1 � 1=poly(j j) the maximum independent set in
F has size at most Z2.
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