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Abstract

We show that there is no Iog% "M approximation for the undirected Edge-Disjoint Paths
problem unlessNP  ZPTIM E(nPoWod(mM) where M is the size of the graph and " is any
positive constart. This hardnessresult also appliesto the undirected All-or-Nothing Multicom-
modity Flow problem and the undirected Node-Disjoint Paths problem.

1 Intro duction

Consider an undirected graph G and a set f (s;j;tj)g of source-sinkpairs. In the undirected Edge-
Disjoint Paths problem (EDP) we wish to connectas many of these pairs as possible using edge-
disjoint paths. EDP is generally regarded as one of the \classic" NP-hard problems. Past work on
EDP and the more generalUnsplittable Flow! (USF) problem includes|[2, 3, 4, 6, 9, 10, 11, 12, 13,
14, 15, 16, 17, 18, 19, 21].

Supposethat G has N nodesand M edges. The best known approximation ratio for EDP is
O(min(N%3; M ¥2)) [11, 21, 17, 4, 23]. In [10], Guruswami et al. preseried an almost matching
lower bound for directed graphs. They showved that there is no M 2" approximation algorithm for
any " > O unlessP = NP.

In this paper we shav a hardnessresult for the undirected problem. In particular we show that
there is no log " M -approximation for EDP unlessNP  ZPTIM E(nPo¥od(mM) 2 oyr reduction
is via a reduction from Maximum-Independeri-Set (MIS) on bounded degreegraphs [22] and is
motivated by the result of Guruswami et al. [10] that Bounded-LengthEDP is hard to approximate
to within M 2 " for any " > 0. This is a version of EDP in which all paths are restricted to be of
length at most L, for someparameter L that is given asinput. At a high level, our construction
involvesembedding multiple copiesof the instance of [10] into a graph that \almost" hashigh girth.

YIn the USF problem ead source-sink pair has a demand di and a prot p; and eac edgehas a capacity. If we
route all the demand di on a single path then we gain the prot p;. The aim is to maximize the prot gained while
respecting the edge capacities. In the casethat the demands, prots and capacities are all 1, USF reducesto EDP.
Sincein this paper we are concernedwith hardnessresults, all our results will apply directly to USF aswell as EDP.

2Recall that ZPTIM E (nPOY09(M)) is the set of languagesthat have randomized algorithms that always give the

correct answer and have expected running time nPoYlogm)



Outline. We proveour hardnessresult via a reduction from Maximum-Independert-Set in bgunded-

degreegraphs. In [22], Trevisanshovedthat for xed , thereis no poly-nomial-time =2°C '09) .
approximation for MIS on graphs of boundeddegree unlessP = NP. Unfortunately, we cannot
apply Trevisan's result directly since we needthe degreebound to grow with the size of the
graph. We therefore use the following theorem. The proof is almost identical to Trevisan's proof
and sowe deferit to the Appendix.

Theorem 1 Letf () bea polylogarithmic function. For any constant > O there is a randomized
j jUog logi i) time reduction from a 3CNF formula to a graph F with n = j j (09 109i D) nodes
and maximum degree at most = f (n) suchthat for two parametersZ, and Z, Z;= 1!

If the s satis able then F hasan independent set of sizeZ;.

If is not satis able then with prokability 1  1=poly(j j) the maximum independent set in
F hassizeat most Z5.

This result immediately implies that MIS in n-node graphs of bounded-degree = f (n) is hard to
approximate to within a factor of 1 unlessNP ZPTIME(n (09 logn))

In the remainder of the paper we showv how this implies that EDP is hard to approximate in
undirected graphs. In Sections2.1 and 2.2 we shav how to translate an instance F of MIS into a
randomized instance H of EDP for which we are able to shov our hardnessresult. This instance
has two important features. First, for eadh demand there is a special short path that we call the
canonical path for the demand. Second,with high probability H is almost a high-girth graph and so
for most demands,any non-canonicalpath for the demandis much longer than the canonical path.
Therefore, it is impossibleto route many demandson non-canonical paths. The idea of high-girth
graph resenbles that in [1] in which polylogarithmic lower bounds are shown for the buy-at-bulk
problem.

In Section 3 we presen an algorithm that takesa solution to the EDP problem in H and maps
it badk into an independert setin F. We then analyze how the size of the MIS solution relates
to the size of the EDP solution. For this purpose,in Section 3.2 we count how many demands
can be routed on edge-disjoint hon-canonical paths. As mentioned above, this number is small.
In Section 3.3 we count how many demandscan be routed on edge-disjoirt canonical paths. This
number dependson the sizeof the maximum independert setin F. We tie all the analysistogether
in Section4. In Section5 we show how our analysiscan be extendedto give hardnessresults for the
undirected All-or-Nothing Multicommo dity Flow problem and the undirected Node-Disjoint Paths
problem.

2 Construction

2.1 Construction of basic instance

Consideran n-node graph F of degree. We convert it into a basicinstance G of EDP asfollows.
We do not de ne G usingthe convertion of specifying its node set and edgeset. Instead, we specify
the set of paths that G supports.

For eat edgeij in F we createa path segmen S; in G, which consistsof ¢ = polylog(n) edges
gjk » 0 k< c (The exactvalue of c will be given later.) Two adjacert edgesejx and €jx +1 in
the segmen are connectedby two disjoint paths; onevia an auxiliary node for i and the other via
an auxiliary nodefor j. (SeeFigure 2, Left.) Oncewe have createdthesesegmeits in G we createa
canonical path P; in Gfor every nodei in F. The path P; strings together segmets Sj; ;, Sjj,;:::in
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Figure 1. Graph F, = 2.

an arbitrary order, wherejg;j1;::: arethe (at most ) neighborsofi in F. Within ead segmen,
P; follows the auxiliary nodesfor i. We add a path of length 2 to connectthe end of segmen S;;,
and the beginning of segmen S; ,,, . We also attach a sourcenode s; to the beginning of the rst
segmen and attach a destination node t; to the end of the last segmen Our edge-disjoint paths
problem has terminal pairs (s;j;tj) for all i. (SeeFigure 2, Right.) The canonical paths have the
following two key properties:

G-1: Path P; haslength at most ™ = 3c.

G-2: Path P; is disjoint from path P; if and only if i is not a neighbor of j in F.

2.2 Construction of expanded instance

We now create an expandedinstance H for which we can show that EDP is hard to approximate.
The graph H is created randomly and is simple to describe. For ead node v in G we create
X = O(nPoY09(n)) nodesvy, 0 x < X. If v and v° are non-adjacert then there are no edges
betweenvy and VQO for any x; x% If v and v®are adjacert then we place a random matching between
the set of nodesvy and the set of nodesto. Therefore, there are X edgesin H that correspnd to
every edgein G. The rst important property of this construction is:

H-1: For any path u;v;w;::: in G, there are X paths of the form uy; vxo; Wyod ::: in H that
are both node disjoint and edgedisjoint.

The above property meansthat there are X paths corresponding to the canonical path P;. We
use P;.x to denote the canonical path corresponding to P; that starts at node s;x. If tixo is the
endpoint of this canonical path then we let (Six ;tjx0) be aterminal pair in our new EDP instance.

We now considera canonical path Pjx corresponding to nodei in F and a canonical path Py
corresponding to a neighbor j of i in F. We sa that path P;x meets path Pjy, at level k if and
only if they both passthrough the sameedgein H that corresppndsto edgeejx in G. We have
two important properties with respect to two neighboring nodesi andj in F.

H-2: For eah path P;y there exists exactly oney sud that path P;x meetsP;, at levelk,
i.e. the relationship \meets at level k" inducesa matching betweenthe X canonical paths for
node i and the X canonical paths for nodej.

H-3: The event that two paths meet at level k is independert of the evert that they meet at
level k°6 k. Hencethe matchings induced between paths at level k are independert of the
matchings induced between paths at level k°6 k.

Lemma 2 The sizeof the EDP instance on H is quasimlynomial, i.e. O(nPo¥°a() |n particular
the numkber of edgesM is at most X n* and the numkber of terminal pairs is equal to nX .
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Figure 2: Graph G constructed from F in Figure 1, c = 2. (Top) Two segmets S; and Si.
(Bottom) Creation of canonical paths from the segmets.

3 From EDP to MIS

Supposethat the solution to our EDP instance H hassizeY. We proposethe following algorithm

which we call EDP2MIS to construct an independert set S for F. We partition the Y edge
disjoint paths into two pieces,the set of terminals that are routed on canonical paths and the set
of terminals that are routed on non-canonicalpaths. For parameter A de ned in (5), if nodei in F

correspondsto more than A canonical paths chosenby the EDP solution instance, then we include
i in S. We shaw later that the set S produced by EDP2MIS is indeed an independert set with

high probability.

EDP2MIS allows us to relate the size of the MIS solution to the size of the EDP solution.
Sincefor every node that is included in S at most X canonical paths can be included in the EDP
solution, and for every node not included in S at most A canonical paths can be included in the
solution, we have

Y  XiSj+(n jS)A+ Nnc; 1)

where N¢ is the number of demandsrouted along non-canonical paths. We dedicate the rest of
this sectionto proving the following.



Figure 3: Graph H constructed from Gin Figure 2, X = 2.

Theorem 3

1. With prolability 2=3, in any solution to our EDP instance the numbker of demandsthat are
routed along non-canonical pathsis at most X + Xn'=(g ).

2. With a high prokability, EDP2MIS nds an independentset S.

3.1 Overview and Parameter De nitions

Due to the randomnessin the construction of H, we rst show in Section3.2that not many terminal
pairs can be routed along non-canonicalpaths. Recall that the girth of a graph is the length of its
smallest cycle. In a random graph such as H, not many cycles have small (i.e. polylogarithmic)
size. We introduce a girth-related parameter g, and de ne X to be exponertial in g. (This in turn
implies that the sizeof H is exponertial in in g.) We then shaw that the number of demandsthat
are routed on short non-canonical paths is small since any short non-canonical path will form a
short cycle with the corresponding canonical path. In addition, the number of demandsthat are
routed on long non-canonical paths is small since any long non-canonical path will make use of
many edgesin H. We therefore show that N is small.

We then focuson the demandsthat are routed on canonicalpaths in Section3.3. In the extreme
caseof A = X, if weinclude i andj in the setS theni andj cannot be neighborsin F. This is
because,as stated in property H-2, every canonical path of i meetswith somecanonical path of |
at ewery level of H, and therefore any EDP solution cannot include all X canonical paths of i and
X canonical paths of j. Under our choice of A which is a logarithmic fraction of X, we shaw that
for a xed setof A canonical paths of i and a xed set of A canonical paths of j, the probability p
that none of these paths meet is small. Recall that in our construction we created c levels in the
graphs. This meansthat if two neighboring i and | areincluded in S, their canonical paths must
not meet at ead of the c levels. By the independenceproperty H-3 this happenswith probability
pc. We then apply a union bound to shaw that for any set of A canonical paths of i and any set of
A canonical paths of j, the probability p that none of these 2A paths meetis small.

We now discussour parameter choices. The relationship amongthe parametersis fairly intricate.
Howewer, we attempt to give a high level idea of our choiceshere. We needX to be quasipolynomial
in n in order to keepthe number of demandsthat can berouted on short non-canonicalpaths small.
For agiven X , whenA is closeto X, the probability p asdiscussedn the previoussectionis desirably
small. Howewer, the bound (1) on the EDP solution Y also getsloose. As we explain at the end of
Section 4, in order to get a logarithmic hardnessof EDP, A needsto be a logarithmic fraction of
X or smaller.

Given A, we use the c repetitions in the graph construction to make sure the probability p°©
is sucien tly small in the canonical path analysis. Meanwhile, although a larger c favors the
probabilistic analysis, c alsolower boundsthe girth parameter g we needTheorem 3, item 1 to hold



andsog> "= 3 c. SinceX is exponertial in g and the sizeof the EDP instanceis polynomial in
X, g and therefore c are polylog(n) in order to get a quasipolynomial reduction.

The value of is constrainedin a number of places. We need to be large sincethe hardness
of the MIS instance dependson . Howewer, as mertioned above g > 3 c and g is polylog(n).
Hence cannot be larger that polylog(n). We expand on this discussionin Section 4.

We now de ne the parametersprecisely

g = log n for someconstart > 0 (2)
X = g(4ng)e" 3)
T 3+ 1 @
X
A= log X ©)
¢ = 3 (loglogX)log X 0 1 (6)
q logs n

= minflog X 1 g=9g= @p— " A !
minf log . g=(90)g pw (7)

3.2 Bounding the number of non-canonical paths

We now shawv that not many terminals can be routed on a non-canonical path. The key insight
is that by our random construction, H is almost a high-girth graph. In particular, we use the
following lemma whose proof is extremely similar to that of the Erdos-Sabs theorem [7] (which
states that high-girth graphs exist).

Lemma 4 Considerarandomgraphwith nodesandletfeg;e;;:::;e i1grepresentasetof < g
potential edges. If,
Prlep existge;;:::;e 1 exisf] ;

for all suchsetsof edgesthen the expected number of cyclesof xed lengthg® g is at most ( )90.
This implies that with prokability % the number of cyclesof lengthlessthan or equalto g is at most
3( )9+,

. ; 0; 1 !
Pro of: The total number of potential cyclesof length g” is at most 2T T Each sud cycle

occurs with probability at most 9. Therefore, the expected number of cycles of length g°is at
most,

g 0
s ()%
200 ¢
This implies that the expected number of cyclesof length lessthan or equalto g is at most,
T e
g=1

By Markov's inequality, with probability % the number of cyclesof length at most g is at most
3( )9, 2

Pro of of Theorem 3, item 1. The number of nodesin the graph H is at most 2Xn. The
probability that a potential edgein H exists equals 1=X since we construct H using matchings
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of size X. Evenif g edgesare xed in H, the probability that someother edgeexists is at most
1=(X ). Hencewecantake = 2Xn" and = 1=(X @). SinceX is exponertially larger than
g, we canbound by 4n". Therefore by Lemma 4, with probability 2=3, the number of cyclesof
length lessthan or equalto g is at most 3(4n* )9+t .

It is easyto verify that the graph H has maximum degree3. Therefore, eaty node is within
distance g of at most 39 other nodes. This implies that with probability 2=3 the number of nodes
that are within distance g of a cycle of length lessthan or equalto g is at most g 39 3(4n>)9*1,
which equals

g(12n*)9*t:

We are now ready to count the demandsthat are routed on non-canonical paths. Consider a
demandwith sourcenode s;x that hascanonical path P;.x but which is routed on a path Q 6 P; .
Since Pi.x and Q are two nonidertical paths betweenthe samepair of nodes, it is clear that the
union of P;:x and Q must cortain a cycle. There are two casesto consider.

Case 1. Node s;x is within distance g of a cycle of length lessthan or equal to g.

Case 2. Node s;x is not within distance g of a cycle of length lessthan or equalto g. Note
that the union of P;x and Q must cortain more than g edges;otherwise s;x would be within
distance g from a cycle of length lessthan or equalto g.

By our previous analysis,with probability 2=3, Casel canbetrue for at most g(12n*)9*! source
nodes. Since™ = 3c by de nition and 9c g dueto (7), we have g(12n")9*t  g(4ng)9*! which
equalsX by de nition (3). If Case2 holds then sinceP;x haslength at most °, path Q must have
length at leastg . Sincethe graph H hasat most X n* edges,the number of edge-disjoirt paths
of length at leastg " isat most Xn'=(g ). Theorem 3, item 1 follows. 2

3.3 Proving that S is an indep endent set with high probabilit y

Let C; be the set of canonical paths corresponding to nodei in F. For two nodesi and j that are
neighborsin F let | be a subsetof C; of size A and let J be a subsetof C; of sizeA. Recall that
the relationship \meets at level k" induces a matching betweenC; and C;. If A is large enough
we would expect somepath in | would meet a path in J at level k. More formally, we say that a
bad eventB (i; j; I ;J; k) occursif and only if there do not exist paths in I and J that meet at level
k. We now analyzethe probability of event B (i; j; | ;J; k) (where the probability is with respect to
the random construction of the graph H).

Lemma 5
A2

Pr[B(;j; 1;J;k) occurs] e x:

Pro of: The number of matchings betweenC; and C; at level k is X!. The number of matchings
for which no path in | meetsa path in J isequalto (X A)(X A 1):::(X 2A+ 1)(X A).
Hence,

Pr[B(i; j; |;J;Kk) occurs]

X AX A 1:.:(X 2A+1)
XX 1D:=:(X A+1

X A A
X




>[x
>
N

A AX
= 1 X
A2
e X
2
Let B(i;j; I;J) bethe bad ewert that B(i; j; | ;J;k) occurs at all levels k. By property H-3, the

evert that two paths meet at level k is independert of the evert that they meet at level k°6 k.
We immediately have,

c 2
Pr[B(i;j; 1;J) occurs] e S

Let B(i;j) bethe bad evert that there exist sets| and J of size A such that B(i;j; | ;J) occurs.

There are ? choicesfor the sets| and J. Therefore,

- X cA2
Pr[B(i; ) occurs] A e %
eX 2A cA?
A &

= @?AlogX+1 logA) C')“(—z:

Finally, let B be the bad evert that B(i; j) happensfor somepair of neighboring nodes(i; j). By
a union bound,

2
Pr[B occur§ n2e?AlogX+1 logA) S

By the de nitions of A in (5) and c in (6) we can rewrite the above probability bound by

X log log X 2X

2 e log X

Pr[B occurg n

By the de nition of X in (3), *9%29%—2X is ! (logn). Hence,

Lemma 6 For the parameterschosenin (2)-(7), the bad eventB dces not hapgen with prolkability
1 1=poly(n).

Recall our algorithm, EDP2MIS described in Section 3, for nding an independert set for F
from a set of edge-disjoit paths in H. We rst verify that the set S de ned by EDP2MIS is
indeed an independert set of F with high probability. If nodesi and j are neighbors in F, the
probabilistic analysisin the previous section states with high probability, any set of A paths in C;
and any setof A pathsin C; will intersectat somelevel k in the graph H. Therefore, it is unlikely
that both i andj have at least A paths in a solution to the EDP instanceon H. As aresult, it is
unlikely that both i andj belongto the setS. Therefore,Lemma 6 is a restatemert of Theorem 3,
item 2.

4 From EDP to 3SAT

Finally, we de ne an algorithm for satis abilit y, which we call EDP2SAT, as follows. Given a
3CNF formula , we rst usethe reduction from Theorem 1 to create an instance of MIS, namely
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F, with polylogarithmic node degree, asde ned in (7). We then usethe construction described
in Sections2.1and 2.2to create an instance of EDP, namely H. Supposethat the optimal solution
to the EDP instanceis Yo, and we have a -approximation algorithm that producesa solution of
sizeY. From Y, the algorithm EDP2MIS de nes a setS.

We declare unsatis able if S is an independen setand Y < XZ1= , whereZ; was one of
the parametersde ned in Theorem 1 and X is de ned in (3).

We declare satis able otherwise,i.e. if S is an independert setandY XZi= ,orif Sis
not an independert set.

Theorem 7 For any constant > 0, thereis no ! =3 approximation for EDP unlessN P
ZPTI M E(nPoloa(n)

Pro of: Supposethere isa approximation for EDP where < 1 =3, and this approximation
algorithm nds Y edge-disjoirt paths in H. If the 3CNF formula is satis able, then F has an
independen set of size at least Z; by Theorem 1. Since the canonical paths corresponding to
this independert set are edgedisjoint by property H-1, we have Yo,x  Z1X. A -approximation
algorithm for EDP guaranteesY  Ygpt= Z1X= . Hencewe always declare to be satis able.

If is unsatis able, then by Theorem 1 the graph F hasan independert set of sizemore than
Z, with probability at most 1=poly(j j). Therefore by Theorem 3, with probability more than 1=2
the following two events both occur:

S is an independert set with sizeat most Z».

At most X + Xn'=(g ) demandsare routed along non-canonicalpaths in the EDP solution.

Now suppose is unsatis able and the above two events both occur. We now shaw that we always
declare to be unsatis able. From (1) we have,

Y XjSj+(n jSPA+ X + Xn'=(g )
(X A)Zz+nA+ X(1+n=(g )
= XZy(1 log X)+ Xlog Xn
+X(1+n=(g ): (8)
The secondinequality follows from the fact that jSj Z, and the equality follows from the de nition
of A in (5). We proceedto showv that ewvery term in the above is at most XZ,. One simple

algorithm for nding an independen set for a graph with degree is to iterativ ely choose any
remaining node and eliminate all its neighbors. This algorithm guaranees an independert set

of size at least n=( + 1). Hence, Z, n=( _+ 1). In addition, log X-1 due to (7).
We therefore have Z,  nlog X. Since g=(9¢) dueto (7) and ° = 3 c, we also have
Z, - 1+ 3ty =1+ o305 1+ f. Therefore,
3XZ Xz
Y < 3X Z; Lo 22

1

Hencewe declare to be unsatis able. o
Note that the size of H is nPoWlog(n) = j jeolvlog(i ) |f < 1 =3 we have described a
CORT | M E (nPo¥9(n)) procedure® that solves3SAT. By astandardresult,if NP coRTI M E (nPoYog(n))

3When we write complexity classessuch ascoRT I M E (nPOY109(M) 1 simply denotesa parameter. It is not meart
to refer to the number of nodesin F.



then NP ZPTIM E(nPoMod(n)  Therefore, unlessNP  ZPTIM E(nPoY09(n)) there is no

1 =3-appraximation for EDP. 2
Finally, let us express ! =3in terms of M, whereM  Xn’ is the number of edgesin H.
Sinceg = log n, we have logX = (log *'n) andlogM = O(log *' n). Since = R the
de nition of implies = minflog X 1;p g=(9¢c)g = (log ?n:p loglogn). Hence, 1 =

2
(logn)z 5 , Which is (logM)3C+ 30+ | By choosing largeand small we have,

Theorem 8 For any constant " > 0, there is no O(log3 ' M) approximation algorithm for the
undirected Edge-Disjoint Paths problemunlessNP ~ ZPTIM E (nPooa(n)),

Now that we have completed our proof let us look at the parameter choicesagain, in particular

how and A are chgsen. We require % 1 when upper bounding the secondterm of (8).
We also require g=(9c) when upper bounding the third term of (8). Sinceg is polylog(X),

can be at most polylog(X ). Sincethe inapproximability of EDP is @) | alarger is better.
Therefore we chooseA and sothat both % and are polylog(X).

5 Related problems

In this sectionwe discussthe extent to which our result appliesto other routing problems.

5.1 All-or-Nothing  Multicommo dity Flow

All-or-nothing multicommadity ow is a relaxation of EDP in which ead demand is allowed to
be routed on fractional paths subject to the constraint that the total demand routed through an
edgeis at most 1. The objective is to maximize the number of demands for which the ertire
demand is routed. Our hardnessresult is easyto adapt to this relaxed problem. Recall that for
the algorithm EDP2MIS we partition the routed demandsaccordingto whether or not they were
routed on canonical paths. For the All-or-Nothing problem we partition the demandsaccordingto
whether or not strictly more than half of the demand is routed along the canonical path. Clearly,
if two demands have strictly more than half of their demand routed along their canonical paths
then these paths are edge-disjoirt. Therefore, if  is not satis able our analysis in Section 3.3
immediately implies that with high probability there areat most X Z,+ (n Z3)A demandsof this
type. Moreover, the analysis of Section 3.2 implies that with high probability, the total amourt
of demandthat can be routed along non-canonicalpaths is at most X + Xn'=(g ), ewenif this
demandis routed fractionally. Therefore, the total number of demandsfor which at least half the
demandis routed along non-canonicalpaths is at most2(X + Xn'=(g °)). It is now easyto adapt
the argumerts of Section4 to obtain,

Theorem 9 For any constant " > 0, there is no O(log3 " M) approximation algorithm for All-or-
Nothing Multicommadity Flow unlessNP  ZPTI M E (nPolylog(n)y,

We remark that Chekuri et al. presened a polylogarithmic approximation for this problem in [5].

5.2 Node-Disjoin t Paths

In the undirected Node-Disjoint Paths (NDP) problem we wish to route as many demands as
possibleon node-disjoint paths. Our reduction for EDP appliesdirectly to NDP. Note that any set
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of node-disjoint paths is also edge-disjoin. Therefore, for any node-disjoint solution in H, we can
apply the algorithm EDP2SAT to determine if the 3CNF formula is satis able. If s satis able
then there are Z1X demandsthat can be routed on canonical paths. It is easyto seethat in
our construction these canonical paths are node-disjoint as well as being edge-disjoint. If is not
satis able then the maximum number of demandsthat can be routed using node-disjoint paths is
no bigger than the maximum number of demandsthat can be routed using edge-disjoirt paths.
Therefore, our analysis shows,

Theorem 10 For any constant " > 0, there is no O(logs M) approximation algorithm for the
undirected Node-Disjoint Paths problemunlessNP  ZPTI M E (nPoivlog(n)y,
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A Hardness of Maxim um Indep endent Set on Bounded-Degree
Instances

In this section we prove Theorem 1 which states that the Maximum Independert Set problem is
hard to approximate to within 1 in graphsof degree = f (n) wheref () is a polylogarithmic
function and is an arbitrarily small constart. Our proof is a minor extension of the result in [22]
which shows a similar result for graphs of xed degree.

The reduction usesa PCP characterization of NP. We considera veri er that is given a 3CNF
instance andoracleaccesgo anallegedproof P that issatis able. After examining the verier
tossesO(logj j) random bits and makesa seriesof queriesinto the oracle proof. On receiving the
answersto thesequeriesthe veri er decideswhether or not to accept. The completenesf the PCP
is the minimum probability that the veri er acceptswhen is satis able. The soundnessof the
PCP is the maximum probability that the veri er acceptswhen is not satis able. A con guration
of the PCP is the speci cation of the random string together with the valuesof the bits of the proof
that are read by the veri er when using that random string. We make use of the following result
from [20Q].

Lemma 11 For every > 0 and every k > O there is a PCP characterization of NP with the
following properties:

The veri er hascompletenessl , soundness2 K+ and queries 2k + k2 bits.
For each random string there are 2% satisfying con gur ations.

For each random string and for each bit that is read, the number of accepting con gur ations
whele the bit is zer equalsthe number of accepting con gur ations wher the bit is one.

In the following we let r = O(logj j) be the number of random bits usedin the PCP and we set
=2 we use% as a lower bound on the completeness.

We now consider independert repetitions of the above PCP. In this casethe number of

random bits is r , the number of bits queriedis (2k + k?), the completenesss reducedto zl and

the soundnesss reducedto 2 2 kZ.

We now apply the well-known FGLSS[8] reduction to this PCP. This reduction createsa graph
with onenode for eat acceptingcon guration. Two vertices are connectedby an edgeif and only
if the con gurations are inconsistert (i.e. they assigndi erent valuesto the samebit in the proof).
In our case,whenwe apply the FGLSS reduction we obtain a graph F with n = 2 ("*2K) nodessuch
that if s satis able then F has an independert set of size zi 2" whereasif is not satis able

then F hasno independert set of sizegreaterthan 2 2 K 2oar.

For ead index i in the proof let O; be the set of verticesin F where index i is queried and
the answer is 1 and let Z; be the set of verticesin F whereindex i is queried and the answer is 0.
Let nj = jO;j. By the third property of Lemma 11 we also have n; = jZ;jj. The graph F cortains
a complete bipartite graph betweenthe nodesin O; and the nodesin Z;. It is easyto seethat F
consistsof preciselythe union of these complete bipartite graphs.

We now replace ead of thesebipartite graphswith a low-degreeexpander. In particular, by a
simple probabilistic argumert that is similar to the analysisin Section 3.3 we have,

Lemma 12 Consider a random -regular bipartite graph with n; nodesin each partition. (Such a
graph can be constructed by taking random bipartite matchings). We say that this graph is bad
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if there exist setsA, B suchjAj c¢n;j, jBj c¢n; and A and B are not connected by an edge. If
= 3log then the protability that the graph is bad is at most,

e nic(log 1 2).

We replace every bipartite graph betweensets O; and Z; with a random -regular graph. Recall
that the number of bits that are queried for each random string is (2k + k?2). Therefore the total
number of bits that could be queried is at most 2" (2k + k?). We can also assumewithout loss
of generality that n; 2" =2 sinceif not the veri er could always toss additional random bits and
then not usethem in its computation.

Lemma 13 The prolability that one of the bipartite graphsis bad is at most,
or (2k+ kZ)e 27 :2c(log% 2):

Suppose now that for all i the bipartite graph between O; and Z; is good. Note that the
maximum independern setin the newgraph canonly be bigger. Moreover, for ead i an independert
seteithe&cortains at most cn; nodesfrom O; or at most cn; nodesfrom Z;. Thereforewe canremove
at most ; cn; nodesfrom the independert setin the new graph to get an independert setin the
original graph which used complete bipartite graphs. SilE,ce ead accepting con guration belongs
to at most (2k + k?) setsof the form O; or Z;, we have ;cn; ¢ (2k + k?)n.

Wesetc= 2 @ K**N= (2k+ k2)n. The above argumert showsthat it is hard to decidewhether
the new graph has an independert set of size zizf or whether all independen sets have sizeless

than2 2 ¥ 27 +c¢ (2k + k?)n. The latter expressionis at most2 @ ¥**1)_ The \gap" between

thesetwo quartities is given by,
H=2® 3.

Our other important parametersare:
c = 2 a1 k? 2k) — (2k+ kZ)

3 (2k + k?)2 K**2k D (k24 2k 1)+ log( (2K + k2)))
n = 2 +2k;

Since ead accepting con guration involves (2k + k?) queriesthe maximum degreein the graph
Gisatmost := (2k+ k?) . For sucien tly largek and for any we have,

3 3(2k + k?)22 (**2k 1) (k24 2k 1+ log( (2k + k?)))

4 2 (3(2k + k&)2)2 2k D (4 k24 2k 1+ log(2k + k?))

2 2k2 (k2+2 k 1)2 2k

o (K2+6k 1).

For any xed > 0 we choosek such that k? 3 (1  )(k?+ 6k 1). Now consideran
increasingfunction f (). If we canchoose sud that,

1
= a1 0uf @ ) (9)
then,
f(n)
H 1 .
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If f() is a polylogarithmic function then Equation 9 is satised for = (log logj j). For this
choice of the error probability from Lemma 13 is at most 1=poly(j j) and the number of nodes
in the graph G isn = 2 ("*2k) = j j(log logj j),

Theorem 1 Let f() be a polylogarithmic function. For any constant > 0 there is a ran-
domizel j j(°9 109i 1) time reduction from a 3CNF formula to a graph F with n = j j (09 logi i)
nodesand maximum degree at most = f (n) suchthat for two parametersZ, andZ, Zi= !

If the s satis able then F hasan independent set of sizeZ;.

If is not satis able then with prokability 1 1=poly(j j) the maximum independent set in
F hassizeat most Z5.
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